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Abstract
In this paper, we consider a new weak norm, iterated weak norm in Lebesgue spaces
with mixed norms. We study properties of the mixed weak norm and the iterated weak
norm and present the relationship between the two weak norms. Even for the ordinary
Lebesgue spaces, the two weak norms are not equivalent and any one of them can not
control the other one. We give some convergence and completeness results for the two
weak norms respectively. We study the convergence in truncated norm, which is a
substitution of the convergence in measure for mixed Lebesgue spaces. And we give a
characterization of the convergence in truncated norm. We show that Ho¨lder’s inequal-
ity is not always true on mixed weak spaces and we give a complete characterization
of indices which admit Ho¨lder’s inequality. As applications, we establish some geo-
metric inequalities related to fractional integrals in mixed weak spaces and in iterated
weak spaces respectively, which essentially generalize the Hardy-Littlewood-Sobolev
inequality.
Key words. Lebesgue spaces, mixed norms, weak norms, Hardy-Littlewood-Sobolev
inequality
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1 Introduction
For ~p = (p1, . . . , pr) and a measurable function f defined on Rn1 × . . .×Rnr , where pi are
positive numbers and ni are positive integers, 1 ≤ i ≤ r, we define the L
~p norm of f by
‖f‖L~p :=
∥∥∥‖f‖Lp1x1 · · ·
∥∥∥
Lprxr
.
The Lebesgue space L~p(Rn1 × . . . × Rnr) with mixed norms consists of all measurable
functions f for which ‖f‖L~p <∞. For ~p = (p1, p2), we also write L
~p as Lp2(Lp1).
Lebesgue spaces with mixed norms were first studied by Benedek and Panzone in
[5], where many fundamental properties were proved. In particular, they showed that
such spaces possess similar properties as usual Lebesgue spaces. See also related works
∗This work was partially supported by the National Natural Science Foundation of China (11525104,
11531013 and 11761131002).
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by Benedek, Caldero´n and Panzone [4], Rubio de Francia, Ruiz and Torrea [23], and
Fernandez [15].
Recently, many works have been done for Lebesgue spaces with mixed norms. For
example, Kurtz [20] proved that some classical operators, which include the strong max-
imal function, the double Hilbert transform and singular integral operators, are bounded
on weighted Lebesgue spaces with mixed norms. Torres and Ward [26] gave Caldero´n’s
reproducing formula and wavelet characterization of such spaces. In recent works by
Cleanthous, Georgiadis, and Nielsen [11] and Huang, Liu, Yang and Yuan [19] anisotropic
mixed-norm Hardy spaces were also studied. In this paper, we focus on weak norms.
Recall that the Hardy-Littlewood-Sobolev inequality says that for any f ∈ Lp1(Rn)
and g ∈ Lp2(Rn), where 1 < p1, p2 <∞ with 1/p1 + 1/p2 > 1, we have∫
Rn
∫
Rn
f(x)g(y)
|x− y|n(2−1/p1−1/p2)
dxdy ≤ C~p,n‖f‖Lp1‖g‖Lp2 . (1.1)
See the works by Beckner [1, 2, 3], Burchard [6], Carlen and Loss [7], Lieb [21], Wu, Shi and
Yan [28] and see also Lieb’s [22] and Stein’s [24] books for the Hardy-Littlewoood-Sobolev
inequality and the sharp versions. The multilinear analogues of the Hardy-Littlewood-
Sobolev inequality were studied by Beckner [1], Gressman [18], and Valdimarsson [27].
Besides, we refer to Christ [9, 10], Dury [12, 13, 14], and Gressman [17], Tao and Wright
[25] for some related works regarding the k-plane transform and the restriction of the
Fourier transform.
Observe that ‖f‖Lp1‖g‖Lp2 = ‖f⊗g‖L~p , where f⊗g(x, y) := f(x)g(y) and ~p = (p1, p2).
Define
Lγf(x, y) =
f(x, y)
|x− y|γ
, γ > 0.
For γ = n(2− 1/p1 − 1/p2), (1.1) says that
‖Lγf ⊗ g‖L~1 . ‖f ⊗ g‖L~p , f ∈ L
p1(Rn), g ∈ Lp2(Rn).
It is natural to ask if the above inequality is still true whenever f ⊗ g is replaced by a
general function in L~p(Rn ×Rn)? More precisely, do we have
‖Lγf‖L~q . ‖f‖L~p , ∀f ∈ L
~p(Rn × Rn)
for appropriate ~p, ~q and γ?
The answer is false in general. Fortunately, the above inequality is true if the L~p
and L~q norms are replaced with some other mixed norms, respectively. For example, for
appropriate indices, we have
‖Lγf‖Lp2 (Lr,∞) ≤ C~p,r,n‖f‖Lp2 (Lp1,∞),
where ‖f‖Lp2 (Lp1,∞) := ‖‖f(x, y)‖Lp1,∞x ‖L
p2
y
. For a complete characterization of Lγ with
respect to various choices of indices and mixed norms, we refer to Theorem 3.7.
Next we consider another variant of (1.1).
By replacing g with g(−·) and a change of variable, we get∫
Rn
∫
Rn
f(x)g(y)
|x+ y|n(2−1/p1−1/p2)
dxdy ≤ C~p,n‖f‖Lp1‖g‖Lp2 .
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Observe that
1
(|x+ y|+ |x− y|)γ
≤
1
|x+ y|γ
+
1
|x− y|γ
.
This prompts us to consider the following operator
Tγf(x, y) =
f(x, y)
(|x+ y|+ |x− y|)γ
, γ > 0.
We see from (1.1) that for γ = n(2− 1/p1 − 1/p2),
‖Tγf ⊗ g‖L~1 . ‖f ⊗ g‖L~p .
We ask if the following inequality
‖Tγf‖L~q . ‖f‖L~p , ∀f ∈ L
~p
is true for some ~p and ~q?
The answer is again negative. In fact, since (|x + y|+ |x − y|)−γ 6∈ L~r for any ~r with
0 < r1, r2 ≤ ∞, the above inequality is false. Moreover, the following inequality
‖Tγf‖L~q,∞ ≤ C~p,~q,n,γ‖f‖L~p,∞ (1.2)
or
‖Tγf‖L~q,∞ ≤ C~p,~q,n,γ‖f‖L~p (1.3)
is also false in general, where
‖f‖L~p,∞ := sup
λ>0
λ‖χ{|f |>λ}‖L~p
is the mixed weak L~p norm of f .
When the mixed weak norm is replaced by the iterated weak norm defined by
‖f‖L(p2,∞)(L(p1,∞)) :=
∥∥∥‖f(x, y)‖Lp1,∞x
∥∥∥
L
p2,∞
y
,
we get a positive conclusion. Specifically, for all 0 < q1 ≤ p1 ≤ ∞ and 0 < q2 ≤ p2 ≤ ∞
satisfying the homogeneity condition
1
q1
+
1
q2
=
1
p1
+
1
p2
+
γ
n
,
we have
‖Tγf‖Lq2,∞(Lq1,∞) ≤ C~p,~q,n‖f‖Lp2,∞(Lp1,∞). (1.4)
We show in Corollary 3.3 that for ~p = (∞,∞), (1.4) implies the following geometric
inequality studied in [8],
‖f‖q1‖g‖q2 . sup |f(x)g(y)| · |x− y|
n/q1+n/q2 . (1.5)
When f = g = χE, E ⊂ Rn, (1.5) becomes
|E|1/n . sup
x,y∈E
|x− y|,
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which is a well known geometric extremal problem named isodiametric inequality: amongst
all sets with given diameter the ball has the maximal volume.
We show in Section 3 that the inverse version of (1.4) implies the forward and inverse
Hardy-Littlewood-Sobolev inequalities. Therefore, it is a generalization of the Hardy-
Littlewood-Sobolev inequalities. Moreover, our approach gives a new method to prove the
boundedness of the fractional integral
Iαf(x) :=
∫
Rn
f(y)
|x− y|n−α
dy
from Lp1 to Lq1 , where 1/q1 = 1/p1 − α/n.
Since (1.4) is true and (1.2) is false in general, it is interesting to investigate these two
weak norms. We show in Section 2 that the two weak norms are not equivalent even if
p1 = p2. Moreover, one of them can not control the other one.
The paper is organized as follows. In Section 2 we study various aspects of the two weak
norms. In particular, we give the relationship between the two weak norms. We give some
convergence and completeness results for both weak norms respectively. We study the
convergence in truncated norm, which is a substitution of the convergence in measure for
mixed Lebesgue spaces. We give a characterization of the convergence in truncated norm.
We prove that Ho¨lder’s inequality holds for iterated weak spaces but it might be false
in mixed weak spaces. We give a complete characterization of indices for which Ho¨lder’s
inequality is true in mixed weak spaces. Besides, we give some interpolation properties in
their respective spaces. In Section 3 we establish some geometric inequalities.
Throughout the paper, A . B means that A ≤ CB, and the letter C stands for positive
constants that are not necessarily the same at each occurrence but that are independent
of the essential variables. A & B and A ≈ B are defined similarly.
2 Weak Norms
In this section, we study various aspects of weak norms, which include the relationship
between the two weak norms, Ho¨lder’s inequality, the interpolation formula, and the con-
vergence of sequences of functions in weak norms.
2.1 Comparison between two weak norms
For simplicity, we consider only the case of ~p = (p1, p2). In this case, the iterated weak
norm on Rn × Rm is
‖f‖Lp2,∞(Lp1,∞) =
∥∥∥‖f‖Lp1,∞x
∥∥∥
L
p2,∞
y
= sup
γ>0
γ
∣∣∣∣
{
y : sup
λ>0
λ|{x : |f(x, y)| > λ}|1/p1 > γ
}∣∣∣∣
1/p2
= sup
γ>0
γ
∣∣∣∣
{
y : sup
λ>0
λ|Ey,λ|
1/p1 > γ
}∣∣∣∣
1/p2
,
where
Ey,λ := {x : |f(x, y)| > λ}. (2.1)
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And the mixed weak norm is
‖f‖L~p,∞ = sup
λ>0
λ‖χ{|f |>λ}‖L~p = sup
λ>0
λ
(∫
|Ey,λ|
p2/p1dy
)1/p2
.
It is well known that for q > 0,
‖f‖Lq,∞ ≤ ‖f‖Lq . (2.2)
Hence
‖f‖Lp2,∞(Lp1,∞) ≤ ‖f‖L~p .
Next we compare the two weak norms. The following lemma could be known. Since
we do not find a proof, we include a proof here.
Lemma 2.1 Suppose that 0 < q < ∞ and f ∈ Lq(Rn). Then the equality in (2.2) holds
if and only if |f | = CχE for some constant C and E ⊂ Rn.
Proof. Assume that |f | is not of the form CχE. Then there exist positive numbers
a < b such that |{0 < |f | < a}| > 0 and |{|f | > b}| > 0.
For 0 < λ < a, we have
λq|{|f | > λ}| =
∫
{|f |>λ}
λq
≤
∫
{λ<|f |<b}
|f |q +
∫
{|f |≥b}
(|f |q − bq + aq)
≤ ‖f‖qq − (b
q − aq)|{|f | ≥ b}|.
And for λ ≥ a, we have
λq|{|f | > λ}| =
∫
{|f |>λ}
λq ≤ ‖f‖qq − ‖f · χ{0<|f |<a}‖
q
q.
Hence
‖f‖Lq,∞ = sup
λ>0
λ|{|f | > λ}|1/q < ‖f‖Lq .
This completes the proof. 
Next we illustrate that iterated weak norms are order dependent. Moreover, the mixed
weak norm and the iterated weak norm are not equivalent and any one of them can not
control the other one. Specifically, we have the following.
Theorem 2.2 Suppose that 0 < p1, p2 <∞ and m and n are positive integers. We have
(i). Lp2,∞(Lp1,∞)(Rn×Rm) 6⊂ L~p,∞(Rn×Rm) and L~p,∞(Rn×Rm) 6⊂ Lp2,∞(Lp1,∞)(Rn×
Rm).
(ii). Lp1,∞x (L
p2,∞
y ) 6⊂ L
p2,∞
y (L
p1,∞
x ) and L
p2,∞
y (L
p1,∞
x ) 6⊂ L
p1,∞
x (L
p2,∞
y ).
(iii). L~p ( L~p,∞
⋂
Lp2,∞(Lp1,∞).
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Proof. (i). First, we consider the function F (x, y) = 1/(|x|n/p1 |y|m/p2). It is easy to
see that
‖F |Lp2,∞(Lp1,∞) = v
1/p1
n v
1/p2
m ,
where vn and vm are the volumes of unit balls in Rn and Rm, respectively.
On the other hand, for any λ > 0,
∥∥χ{F>λ}∥∥L~p =
(∫
|y|>0
v
p2/p1
n
λp2 |y|m
dy
)1/p2
=∞.
Hence ‖F‖L~p,∞ =∞. This proves L
p2,∞(Lp1,∞) 6⊂ L~p,∞.
Next we consider the function G(x, y) = a|y|
m
χ
[0,a−p1|y|
m/n]
(|x|), where a > 1 is a
constant. For any λ > 0, we have
|{x : G(x, y) > λ}| =
{
vna
−p1|y|m , λ < a|y|
m
,
0, others.
Hence
‖G(·, y)‖Lp1 ,∞ = v
1/p1
n , |y| > 0.
Therefore,
‖G‖Lp2,∞(Lp1,∞) =∞.
On the other hand,(∫
Rm
|{x : G(x, y) > λ}|p2/p1dy
)1/p2
=
(∫
a|y|m>λ
vp2/p1n a
−p2|y|mdy
)1/p2
=
v
1/p1
n v
1/p2
m
(p2 ln a)1/p2λ
.
Hence
‖G‖L~p,∞ =
v
1/p1
n v
1/p2
m
(p2 ln a)1/p2
.
Therefore, G ∈ L~p,∞ \ Lp2,∞(Lp1,∞).
(ii). Consider the previous function G(x, y) defined in (i). Fix some λ > 0 and x ∈ Rn
with |x| < 1. We have
{y : G(x, y) > λ} =
{
y :
lnλ
ln a
< |y|m ≤
−n ln |x|
p1 ln a
}
.
Hence
|{y : G(x, y) > λ}| =
{
vm
(
−n ln |x|
p1 lna
− lnλln a
)
, λ < 1
|x|n/p1
,
0, others.
Therefore,
sup
λ>0
λ|{y : G(x, y) > λ}|1/p2 =


(
vm
p2e ln a
)1/p2 1
|x|n/p1
, |x| < 1,
0, others.
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Consequently,
‖G‖Lp1,∞x (L
p2,∞
y )
=
v
1/p2
m v
1/p1
n
(p2e ln a)1/p2
<∞.
In other words, G ∈ Lp1,∞x (L
p2,∞
y ) \ L
p2,∞
y (L
p1,∞
x ). Replacing G(x, y) with G(y, x) we get
Lp2,∞y (L
p1,∞
x ) \ L
p1,∞
x (L
p2,∞
y ) 6= ∅.
(iii). It is obvious that the left-hand side of (iii) is a subset of the right-hand side. So
we only need to show that it is a proper subset.
Take some w ∈ Lp2(Rm) \ {0}. Let F (x, y) = w(y)/|x|n/p1 . Then we have F 6∈ L~p.
For any λ > 0, we have
|{x : |F (x, y)| > λ}| = vn
|w(y)|p1
λp1
.
Hence (∫
Rm
|{x : |F (x, y)| > λ}|p2/p1dy
)1/p2
=
v
1/p1
n ‖w‖p2
λ
.
Therefore, ‖F‖L~p,∞ ≤ v
1/p1
n ‖w‖p2 . On the other hand, it is easy to see that ‖F‖Lp2,∞(Lp1,∞) =
‖1/|x|n/p1‖Lp1,∞‖w‖Lp2,∞ ≤ v
1/p1
n ‖w‖p2 .

It is easy to see that f ⊗ g ∈ Lp2,∞(Lp1,∞) \ {0} if and only if f ∈ Lp1,∞ \ {0} and
g ∈ Lp2,∞ \ {0}. Next we consider the conditions for f ⊗ g ∈ L~p,∞.
Theorem 2.3 Suppose that 0 < p1, p2 <∞ and m and n are positive integers. We have
(i). If f ∈ Lp1,∞(Rn) and g ∈ Lp2(Rm), then f ⊗ g ∈ L~p,∞(Rn ×Rm).
(ii). If f ∈ Lp1 , g ∈ Lp2,∞ and p1 ≤ p2, then f ⊗ g ∈ L
~p,∞.
(iii). If f ⊗ g ∈ L~p,∞ and f, g 6= 0, then f ∈ Lp1,∞ and g ∈ Lp2,∞. But g need not to be
in g ∈ Lp2.
Proof. First, we show that ‖F‖L~p,∞ = ‖|F |
p1‖
1/p1
L(1,p2/p1),∞
for any measurable function
F defined on Rn×Rm and ‖g‖Lp2 ,∞ = ‖|g|p1‖
1/p1
Lp2/p1,∞
for any measurable function g defined
on Rm.
In fact, a simple computation shows that
‖F‖p1
L~p,∞
= sup
λ>0
λp1
(∫
Rm
|{x : |F (x, y)| > λ}|p2/p1dy
)p1/p2
= sup
λ>0
λp1
(∫
Rm
|{x : |F (x, y)|p1 > λp1}|p2/p1dy
)p1/p2
= ‖|F |p1‖L(1,p2/p1),∞ . (2.3)
Similarly we can prove that ‖g‖Lp2,∞ = ‖|g|
p1‖
1/p1
Lp2/p1,∞
.
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(i). For any λ > 0,
|{x : f(x)g(y) > λ}|1/p1 ≤
‖f‖Lp1,∞ |g(y)|
λ
.
Hence (∫
Rm
|{x : f(x)g(y) > λ}|p2/p1dy
)1/p2
≤
‖f‖Lp1,∞‖g‖Lp2
λ
.
Consequently,
‖f ⊗ g‖L~p,∞ ≤ ‖f‖Lp1,∞‖g‖Lp2 .
(ii). By (2.3), it suffices to consider the case of p1 = 1 ≤ p2. For any λ > 0, since
{(x, y) : |f(x)g(y)| > λ} ⊂
⋃
k∈Z
{(x, y) : 2k ≤ |f(x)| < 2k+1, |g(y)| > 2−k−1λ},
we have
λ‖χ{(x,y): |f(x)g(y)|>λ}‖L(1,p2)
≤ λ
∑
k∈Z
∥∥∥χ{x:2k≤|f(x)|<2k+1}(x)χ{y:|g(y)|>2−k−1λ}(y)∥∥∥L(1,p2)
=
∑
k∈Z
2k|{x : 2k ≤ |f(x)| < 2k+1}| · 2−kλ|{y : |g(y)| > 2−k−1λ}|1/p2
≤ 2‖f‖1‖g‖Lp2 ,∞ .
(iii). Now we suppose that f ⊗ g ∈ L~p,∞(Rn × Rm). For any α, β > 0, we have
{x : |f(x)| > α} × {y : |g(y)| > β} ⊂ {(x, y) : |f(x)g(y)| > αβ}.
Hence
α|{x : |f(x)| > α}|1/p1 · β|{y : |g(y)| > β}|1/p2 ≤ αβ
∥∥∥χ{(x,y):|f(x)g(y)|>αβ}∥∥∥
L~p
.
Taking supremums on both sides, we get
‖f‖Lp1,∞‖g‖Lp2,∞ ≤ ‖f ⊗ g‖L~p,∞ .
Hence f ∈ Lp1,∞ and g ∈ Lp2,∞.
Finally, we show that for f ⊗ g ∈ L~p,∞(Rn × Rm), g need not to be in Lp2 . Set
f(x) = 1/|x|2n/p1χ(1,∞)(|x|) and g(y) = 1/|y|
m/p2 for y 6= 0.
Fix some λ > 0. We have
|{x : |f(x)g(y)| > λ}| =
∣∣∣∣{x : |x| > 1, |x|2n/p1 < 1λ|y|m/p2
}∣∣∣∣
=

vn
((
1
λ|y|m/p2
)p1/2
− 1
)
, |y| < 1
λp2/m
,
0, others.
8
Hence
‖f ⊗ g‖p2
L~p,∞
= sup
λ>0
λp2
∫
Rm
|{x : |f(x)g(y)| > λ}|p2/p1dy
= sup
λ>0
λp2vp2/p1n
∫
|y|< 1
λp2/m
((
1
λ|y|m/p2
)p1/2
− 1
)p2/p1
dy
≤ sup
λ>0
2λp2vp2/p1n
∫
|y|< 1
λp2/m
(
1
λp2/2|y|m/2
− 1
)
dy
= 2vp2/p1n vm <∞,
where we use the fact that (u − 1)α ≤ 2uα − 1 for any u > 1 and α > 0. This completes
the proof. 
Given ~p = (p1, p2), we compare the three mixed norms L
p2,∞(Lp1), Lp2(Lp1,∞), and
L~p,∞.
Theorem 2.4 Suppose that ~p = (p1, p2). We have
(i). For any measurable function f defined on Rn × Rm, we have
‖f‖L~p,∞ ≤ ‖f‖Lp2(Lp1,∞).
(ii). Lp2,∞(Lp1) 6⊂ L~p,∞ and L~p,∞ 6⊂ Lp2,∞(Lp1).
Proof. (i). Let Ey,λ be defined by (2.1). Then we have
‖f‖L~p,∞ = sup
λ>0
∥∥∥|Ey,λ|1/p1∥∥∥
L
p2
y
≤
∥∥∥∥sup
λ>0
|Ey,λ|
1/p1
∥∥∥∥
L
p2
y
= ‖f‖Lp2 (Lp1,∞).
(ii). Take some f ∈ Lp1,∞ \ Lp1 and g ∈ Lp2 \ {0}. We see from Theorem 2.3(i) that
f ⊗ g ∈ L~p,∞ \ Lp2,∞(Lp1).
On the other hand, set F = χE, where E = {(x, y) : |x|
n ≤ |y|−mp1/p2}. We have
‖F‖Lp2,∞(Lp1 ) ≈ ‖
1
|y|m/p2
‖Lp2,∞ <∞
and
‖F‖L~p,∞ = ‖χE‖L~p ≈ ‖
1
|y|m/p2
‖Lp2 =∞.
Hence F ∈ Lp2,∞(Lp1) \ L~p,∞. 
2.2 Convergence in weak norms
In this subsection, we prove the completeness of both weak spaces.
First, we show that the Lebesgue monotone convergence theorem and Fatou’s Lemma
are true for weak norms. However, Lebesgue’s dominated convergence theorem fails for
weak norms.
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Theorem 2.5 Let W be either L~p,∞ or Lp2,∞(Lp1,∞), where ~p = (p1, p2) with 0 < p1, p2 ≤
∞. Suppose that {fk : k ≥ 1} is a sequence of non-negative measurable functions such
that fk(x, y) ≤ fk+1(x, y), a.e., k ≥ 1. Then we have∥∥∥∥ limk→∞ fk
∥∥∥∥
W
= lim
k→∞
‖fk‖W .
Proof. It suffices to prove the convergence in L~p,∞, since it implies the convergence
in iterated weak spaces.
Denote f(x, y) = limk→∞ fk(x, y). We consider only the case of p1, p2 < ∞. Other
cases can be proved similarly.
First, we assume that ‖f‖L~p,∞ <∞. For any ε > 0, there exists some λ0 > 0 such that
λ0‖χ{|f |>λ0}‖L~p ≥ (1− ε)‖f‖L~p,∞ .
Since {fk : k ≥ 1} is increasing, we have
lim
k→∞
λ0‖χ{|fk|>λ0}‖L~p = λ0‖χ{|f |>λ0}‖L~p ≥ (1− ε)‖f‖L~p,∞ .
Hence for k sufficiently large, we have
λ0‖χ{|fk |>λ0}‖L~p ≥ (1− ε)
2‖f‖L~p,∞ .
Therefore,
lim
k→∞
‖fk‖L~p,∞ ≥ (1− ε)
2‖f‖L~p,∞ .
By letting ε→ 0, we get
lim
k→∞
‖fk‖L~p,∞ ≥ ‖f‖L~p,∞ .
On the other hand, since |fk| ≤ |f | almost everywhere, the reverse inequality is obvious.
Hence limk→∞ ‖fk‖L~p,∞ = ‖f‖L~p,∞ . The case ‖f‖L~p,∞ =∞ can be proved similarly. 
With the above theorem, we can prove Fatou’s lemma for weak norms, which improves
[16, Exercise 1.1.12 (d)] slightly (we remove an extra constant).
Theorem 2.6 Let W be either L~p,∞ or Lp2,∞(Lp1,∞), where ~p = (p1, p2) with 0 < p1, p2 ≤
∞. Let {fk : k ≥ 1} be a sequence of non-negative measurable functions. Then we have∥∥∥∥lim infk→∞ fk
∥∥∥∥
W
≤ lim inf
k→∞
‖fk‖W .
Proof. Let gk = infl≥k fl. Then {gk : k ≥ 1} is increasingly convergent to lim infk→∞ fk.
It follows from the monotone convergence theorem that∥∥∥∥lim infk→∞ fk
∥∥∥∥
W
=
∥∥∥∥ limk→∞ gk
∥∥∥∥
W
= lim inf
k→∞
‖gk‖W ≤ lim inf
k→∞
‖fk‖W .

However, the dominated convergence theorem fails in weak norm spaces. For example,
set f0(x) = 1/|x|
n/p1 and fk(x) = f0(x)χ[k,∞](|x|). Take some g ∈ L
p2 \ {0}. We have
limk→∞ fk ⊗ g(x, y) = 0. Moreover, we see from Theorem 2.3 that fk ⊗ g ≤ f0 ⊗ g ∈
L~p,∞ ∩ Lp2,∞(Lp1,∞). But
‖fk ⊗ g‖L~p,∞ = ‖fk ⊗ g‖Lp2,∞(Lp1,∞) = v
1/p1
n ‖g‖Lp2 , k ≥ 1.
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2.2.1 Convergence in measure and almost everywhere
It is known that if {fk : k ≥ 1} is convergent in L
p or Lp,∞, then it is convergent
in measure. However, it is not true for mixed norm. Specifically, neither the strong
convergence nor the weak convergence in mixed norm spaces implies the convergence in
measure.
For example, set fk = χEk , where
Ek =
{
{(x, y) : |x|n < 1/|y|m, 0 < |y| < 1/k}, p1 > p2,
{(x, y) : |x|n < 1/|y|m, |y| > k}, p1 < p2.
Then we have ‖fk‖L~p → 0. Therefore,
lim
k→∞
‖fk‖L~p,∞ = lim
k→∞
‖fk‖Lp2,∞(Lp1,∞) = 0.
However, for any 0 < ε < 1, |{(x, y) : |fk(x, y)| > ε}| =∞.
Nevertheless, it was shown in [5, Theorem 1] that if {fk : k ≥ 1} is convergent to f in
L~p, then it contains a subsequence convergent almost everywhere to f . We show that the
same is true for weak norms.
Theorem 2.7 Let {fk : k ≥ 1} be a sequence of measurable functions which is convergent
to some f in L~p,∞ or Lp2,∞(Lp1,∞), where ~p = (p1, p2) with 0 < p1, p2 ≤ ∞. Then it
contains a subsequence convergent almost everywhere to f .
Proof. (i). First we assume that limk→∞ ‖fk − f‖L~p,∞ = 0. For any λ > 0, we have
lim
k→∞
∥∥∥χ{|fk−f |>λ}
∥∥∥
L~p
= 0,
where {|f | > λ} stands for {(x, y) : |f(x, y)| > λ}. By [5, Theorem 1], there is some
subsequence of {fk : k ≥ 1}, denoted by {f1,k : k ≥ 1}, such that
lim
k→∞
χ{|f1,k−f |>λ}(x, y) = 0, (x, y) ∈ R
n ×Rm \ Eλ,
where |Eλ| = 0. Consequently,
lim sup
k→∞
|f1,k(x, y)− f(x, y)| ≤ λ, (x, y) ∈ R
n × Rm \ Eλ.
By setting λ = 1, 1/2, . . ., 1/2l, . . ., we get a sequence of zero measured sets {El : l ≥ 1}
and subsequences {fl,k : k ≥ 1} of {fk : k ≥ 1}, such that {fl,k : k ≥ 1} is a subsequence
of {fl−1,k : k ≥ 1} for l ≥ 2 and for each l ≥ 1,
lim sup
k→∞
|fl,k(x, y)− f(x, y)| ≤
1
2l
, (x, y) ∈ Rn × Rm \ El.
Set E = ∪l≥1El. Then for (x, y) 6∈ E, we have
lim sup
k→∞
|fk,k(x, y)− f(x, y)| ≤
1
2l
, ∀l ≥ 1.
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Hence
lim
k→∞
|fk,k(x, y)− f(x, y)| = 0, (x, y) ∈ R
n × Rm \E.
This proves the conclusion for the mixed weak norm.
(ii). Next we assume that limk→∞ ‖fk − f‖Lp2,∞(Lp1,∞) = 0. We consider only the
case of 0 < p1, p2 <∞. Other cases can be proved similarly.
For any α, β > 0, we have∣∣∣{y : ∣∣{x : |fk(x, y)− f(x, y)| > α}∣∣p2/p1 > β}∣∣∣
≤
∣∣∣{y : ‖fk(x, y)− f(x, y)‖Lp1,∞ > αβ1/p2}∣∣∣
≤
1
αp2β
‖fk − f‖
p2
Lp2,∞(Lp1,∞)
→ 0, as k →∞.
Hence there is a subsequence {fkl : l ≥ 1} such that∣∣∣∣
{
y :
∣∣∣{x : |fkl(x, y) − f(x, y)| > 12l }
∣∣∣p2/p1 > 1
2lp2/p1
}∣∣∣∣ < 12l , l ≥ 1.
Let E = ∩i≥1Ei and F = ∩i≥1Fi, where
Ei =
∞⋃
l=i
{
y :
∣∣∣{x : |fkl(x, y)− f(x, y)| > 12l }
∣∣∣p2/p1 > 1
2lp2/p1
}
,
Fi =
∞⋃
l=i
{
(x, y) : |fkl(x, y)− f(x, y)| >
1
2l
}
.
Then we have |Ei| ≤ 1/2
i−1 and therefore |E| = 0.
Take some y 6∈ E. Then there is some i ≥ 1 such that y 6∈ Ei. Consequently, for l ≥ i,∣∣∣{x : |fkl(x, y)− f(x, y)| > 12l }
∣∣∣ ≤ 1
2l
.
Hence |{x : (x, y) ∈ Fj}| ≤ 1/2
j−1 for j ≥ i. Therefore,∣∣∣{x : (x, y) ∈ F}∣∣∣ = 0.
It follows that
|F | =
∫∫
Rn×Rm
χF (x, y)dxdy =
∫
Rm\E
dy
∫
Rn
χF (x, y)dx = 0.
For (x, y) 6∈ (Rn × E) ∪ F , there is some i ≥ 1 such that (x, y) 6∈ Fi. Hence
|fkl(x, y) − f(x, y)| ≤
1
2l
, l ≥ i.
That is, {fkl : l ≥ 1} converges to f almost everywhere. 
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2.2.2 Completeness of weak norm spaces
It is known that both Lp and weak Lp are complete [16]. We show that the same is true
for weak norms in mixed spaces.
Theorem 2.8 Let W be either L~p,∞ or Lp2,∞(Lp1,∞), where ~p = (p1, p2) with 0 < p1, p2 ≤
∞. Let {fk : k ≥ 1} be a Cauchy sequence in W , that is,
lim
k,l→∞
‖fk − fl‖W = 0.
Then there is some f ∈W such that limk→∞ ‖f − fk‖W = 0.
Before giving a proof of the above theorem, we introduce a preliminary result.
Lemma 2.9 Let ai, a˜i, bi and ci be positive numbers, 1 ≤ i ≤ k ≤ ∞, such that
∑k
i=1 ai =∑k
i=1 a˜i = 1, b1 = . . . = bk = 1 for 1 ≤ p1 ≤ ∞ and
∑k
i=1 b
p1/(1−p1)
i ≤ 1 for 0 < p1 < 1,
and c1 = . . . = ck = 1 for 1 ≤ p2 ≤ ∞ and
∑k
i=1 c
p2/(1−p2)
i ≤ 1 for 0 < p2 < 1. Then we
have
‖f1 + . . . + fk‖L~p,∞ ≤
k∑
i=1
1
aibici
‖fi‖L~p,∞ ,
‖f1 + . . . + fk‖Lp2,∞(Lp1,∞) ≤
k∑
i=1
1
aia˜ibici
‖fi‖Lp2,∞(Lp1,∞).
Proof. We prove only the first inequality. The second one can be proved similarly.
For any λ > 0, we have
{|f1 + . . .+ fk| > λ} ⊂ {|f1| > a1λ} ∪ . . . ∪ {|fk| > akλ}.
Hence
χ{|f1+...+fk|>λ} ≤
k∑
i=1
χ{|fi|>aiλ}.
If p1 ≥ 1, then
‖χ{|f1+...+fk|>λ}‖L
p1
x
≤
k∑
i=1
‖χ{|fi|>aiλ}‖L
p1
x
.
If 0 < p1 < 1, then
‖χ{|f1+...+fk|>λ}‖
p1
L
p1
x
≤
k∑
i=1
‖χ{|fi|>aiλ}‖
p1
L
p1
x
.
Set q1 = 1/p1. We see from Ho¨lder’s inequality that
‖χ{|f1+...+fk|>λ}‖L
p1
x
≤
(
k∑
i=1
‖χ{|fi|>aiλ}‖
p1
L
p1
x
)q1
≤
(
k∑
i=1
1
bi
‖χ{|fi|>aiλ}‖L
p1
x
)(
k∑
i=1
b
q′1/q1
i
)q1/q′1
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≤
k∑
i=1
1
bi
‖χ{|fi|>aiλ}‖Lp1x . (2.4)
With similar arguments we get
∥∥∥‖χ{|f1+...+fk|>λ}‖Lp1x
∥∥∥
L
p2
y
≤
k∑
i=1
1
bici
∥∥∥‖χ{|fi|>aiλ}‖Lp1x
∥∥∥
L
p2
y
.
Hence
λ‖χ{|f1+...+fk|>λ}‖L~p ≤
k∑
i=1
1
bici
λ‖χ{|fi|>aiλ}‖L~p .
Taking supremums on both sides, we get the conclusion as desired. 
Proof of Theorem 2.8. We prove the conclusion only for W = L~p,∞. The other
case can be proved similarly.
For k ≥ 1, let
bk =
{
1, p1 ≥ 1,
b0
2k
, 0 < p1 < 1,
ck =
{
1, p2 ≥ 1,
c0
2k
, 0 < p2 < 1,
where b0 and c0 are constants such that
∑∞
k=1 b
p1/(1−p1)
k =
∑∞
k=1 c
p2/(1−p2)
k = 1 for 0 <
p1, p2 < 1.
We see from the hypothesis that there is a subsequence of {fk : k ≥ 1}, say {fkl : l ≥
1}, such that ∥∥fkl+1 − fkl∥∥L~p,∞ ≤ blcl22l .
Let
gi =
∞∑
l=i
|fkl+1−fkl |.
We see from Lemma 2.9 that
‖gi‖L~p,∞ ≤
∞∑
l=i
2l
blcl
∥∥∥fkl+1−fkl
∥∥∥
L~p,∞
≤
1
2i−1
→ 0.
By Theorem 2.7, {gi : i ≥ 1} contains a subsequence convergent almost everywhere. Since
{gi : i ≥ 1} is decreasing, it is convergent to zero almost everywhere.
Suppose that for some (x, y), gi(x, y) tends to zero as i tends to the infinity. Since
|fkm(x, y)− fkl(x, y)| ≤ gi(x, y), m > l ≥ i,
{fkl(x, y) : l ≥ 1} is a Cauchy sequence in R for almost all (x, y) ∈ R
2n. Denote f(x, y) =
liml→∞ fkl(x, y). Then f is well defined almost everywhere.
For any i ≥ 1, we have
‖fki − f‖L~p,∞ ≤ ‖gi‖L~p,∞ ≤
1
2i−1
.
Hence limi→∞ ‖fki − f‖L~p,∞ = 0. Since {fk : k ≥ 1} is a Cauchy sequence in L
~p,∞, it is
easy to see that limk→∞ ‖fk − f‖L~p,∞ = 0. This completes the proof. 
It is known that if a sequence of measurable functions {fn : n ≥ 1} is convergent in
L~p, then we have limn→∞ ‖fn‖L~p = ‖f‖L~p . We show that the same is true for weak norms.
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Theorem 2.10 Let W be either L~p,∞ or Lp2,∞(Lp1,∞), where ~p = (p1, p2) with 0 <
p1, p2 ≤ ∞. Suppose that limk→∞ ‖fk − f‖W = 0. Then we have limk→∞ ‖fk‖W = ‖f‖W .
Proof. We prove the conclusion only for W = L~p,∞. The other case can be proved
similarly.
For 1 ≤ p1 ≤ ∞, set b1 = b2 = 1. And for 0 < p1 < 1, set 0 < b1 < 1 and
b2 = (1−b
p1/(1−p1)
1 )
(1−p1)/p1 . Define c1 and c2 similarly (replacing (p1, b1, b2) by (p2, c1, c2)).
For any 0 < a < 1, we see from Lemma 2.9 that
‖fk‖L~p,∞ = ‖fk − f + f‖L~p,∞ ≤
1
(1− a)b2c2
‖fk − f‖L~p,∞ +
1
ab1c1
‖f‖L~p,∞ .
Hence
lim sup
k→∞
‖fk‖L~p,∞ ≤
1
ab1c1
‖f‖L~p,∞ .
Letting a, b1, c1 → 1, we get
lim sup
k→∞
‖fk‖L~p,∞ ≤ ‖f‖L~p,∞ .
On the other hand, since
‖f‖L~p,∞ = ‖f − fk + fk‖L~p,∞ ≤
1
(1− a)b2c2
‖f − fk‖L~p,∞ +
1
ab1c1
‖fk‖L~p,∞ ,
by letting k →∞ and a, b1, c1 → 1 successively, we get
‖f‖L~p,∞ ≤ lim inf
k→∞
‖fk‖L~p,∞ .
Now the conclusion follows. 
In [5], the Riesz theorem for mixed norm Lebesgue spaces was proved. It says that if
limk→∞ ‖fk‖L~p = ‖f‖L~p and limk→∞ fk(x, y) = f(x, y) almost everywhere on R
2n, where
~p = (p1, p2) with 1 ≤ p1, p2 <∞, then we have
lim
k→∞
‖fk − f‖L~p = 0.
Whenever weak norms are considered, the above conclusion fails. For example, set
f0(x) = 1/|x|
n/p1 and fk(x) = f0(x)χ[0,k](|x|). Take some g ∈ L
p2 \ {0}. We have
lim
k→∞
fk ⊗ g(x, y) = f0(x)g(y)
and
lim
k→∞
‖fk ⊗ g‖L~p,∞ = lim
k→∞
‖fk ⊗ g‖Lp2,∞(Lp1,∞) = v
1/p1
n ‖g‖Lp2 .
However, for any k ≥ 1,
‖fk ⊗ g − f0 ⊗ g‖L~p,∞ = ‖fk ⊗ g − f0 ⊗ g‖Lp2,∞(Lp1,∞) = v
1/p1
n ‖g‖Lp2 .
Hence {fk ⊗ g : k ≥ 1} is not convergent to f0 ⊗ g in L
~p,∞ or Lp2,∞(Lp1,∞).
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2.3 Convergence in truncated norm
We see from the previous subsection that while a sequence convergent in mixed norm
contains a subsequence convergent almost everywhere, it might not contain a subsequence
convergent in measure. This prompts us to consider the following substitution of conver-
gence in measure.
Definition 2.11 Suppose that ~p = (p1, p2) with 0 < p1, p2 ≤ ∞. We say that a sequence
of measurable functions {fk : k ≥ 1} is convergent to some f in truncated L
~p norm if for
any λ > 0,
lim
k→∞
‖χ{|fk−f |>λ}‖L~p = 0.
We see from the definition that convergence in truncated L~p norm is the same as
convergence in measure if p1 = p2. However, they are not equivalent if p1 6= p2. For an
example, see Subsubsection 2.2.1.
It is easy to see that if {fk : k ≥ 1} is convergent to some f in L
~p,∞, then it is also
convergent to f in truncated norm. Moreover, we see from the proof of Theorem 2.7 that a
sequence convergent in truncated norm always contains a subsequence convergent almost
everywhere.
The following is a characterization of convergence in truncated norm, which shows also
the completeness of such convergence.
Theorem 2.12 Suppose that ~p = (p1, p2) with 0 < p1, p2 ≤ ∞. Let {fk : k ≥ 1} be a
sequence of measurable functions. Then {fk : k ≥ 1} is convergent to some f in truncated
norm if and only if {fk : k ≥ 1} is a Cauchy sequence in truncated norm, i.e.,
lim
k,l→∞
‖χ{|fk−fl|>λ}‖L~p = 0, ∀λ > 0.
Proof. First we prove the Necessity. Suppose that {fk : k ≥ 1} is convergent to f in
truncated norm. For any λ > 0, we have
{|fk − fl| > λ} ⊂ {|fk − f | >
λ
2
} ∪ {|fl − f | >
λ
2
}.
Hence
χ{|fk−fl|>λ} ≤ χ{|fk−f |>λ/2} + χ{|fl−f |>λ/2}.
Therefore,
lim
k,l→∞
‖χ{|fk−fl|>λ}‖L~p ≤ limk→∞
1
b1c1
‖χ{|fk−f |>λ/2}‖L~p
+ lim
l→∞
1
b2c2
‖χ{|fl−f |>λ/2}‖L~p
= 0,
where b1, b2, c1 and c2 are defined as in the proof of Theorem 2.10.
Next we prove the sufficiency, for which we give only a sketch since it is similar to the
proof of Theorem 2.8.
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Define {bk : k ≥ 1} and {ck : k ≥ 1} as in the proof of Theorem 2.8. Then there is
some subsequence {fkl : l ≥ 1} such that∥∥∥∥χ{|fkl+1−fkl |>1/2l}
∥∥∥∥
L~p
≤
blcl
2l
.
Let
gi =
∞∑
l=i
χ{|fkl+1−fkl
|>1/2l}.
Similar arguments as in the proof of Lemma 2.9 show that
‖gi‖L~p ≤
∞∑
l=i
1
blcl
∥∥∥∥χ{|fkl+1−fkl |>1/2l}
∥∥∥∥
L~p
≤
1
2i−1
→ 0.
Hence {gi : i ≥ 1} contains a subsequence convergent almost everywhere. Since {gi : i ≥
1} is decreasing, it is convergent to zero almost everywhere.
Suppose that for some (x, y), gi(x, y) tends to zero as i tends to the infinity. Then for
i sufficiently large, gi(x, y) < 1/2. In other words,
|fkl+1(x, y)− fkl(x, y)| ≤
1
2l
, l ≥ i.
Hence {fkl(x, y) : l ≥ 1} is a Cauchy sequence in R. Denote f(x, y) = liml→∞ fkl(x, y).
Then f is well defined almost everywhere.
Fix some λ > 0. Whenever 1/2i−1 < λ, we have
{|fki − f | > λ} ⊂
∞⋃
l=i
{|fkl+1 − fkl| >
1
2l
}.
Similarly to (2.4) we get
∥∥∥χ{|fki−f |>λ}
∥∥∥
L~p
≤
∞∑
l=i
1
blcl
∥∥∥χ{|fkl+1−fkl |>1/2l}
∥∥∥
L~p
≤
1
2i−1
.
Hence {fkl : l ≥ 1} is convergent to f in truncated norm. Since {fk : k ≥ 1} is a Cauchy
sequence, it is easy to see that {fk : k ≥ 1} is also convergent to f in truncated norm. 
2.4 Ho¨lder’s inequality
It is well known that Ho¨lder’s inequality holds for both Lp and Lp,∞. For mixed norms,
it was shown in [5] that if 1 ≤ pi ≤ ∞, i = 1, 2, then we have
‖fg‖
L~1
≤ ‖f‖L~p‖g‖~p′ ,
where ~p′ = (p′1, p
′
2).
Suppose that
1
ri
=
1
pi
+
1
qi
, i = 1, 2.
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The previous inequality can be rewritten as
‖fg‖L~r ≤ ‖f‖L~p‖g‖~q , (2.5)
where f and g are arbitrary measurable functions.
Using Ho¨lder’s inequality for weak spaces [16, Exercise 1.1.15], we get Ho¨lder’s inequal-
ity for iterated weak norms, for which we omit the proof.
Theorem 2.13 Suppose that 0 < pi, qi, ri ≤ ∞ and that 1/ri = 1/pi + 1/qi, i = 1, 2.
Then we have
‖fg‖Lr2,∞(Lr1,∞) ≤ C~p,~q‖f‖Lp2,∞(Lp1,∞)‖g‖Lq2 ,∞(Lq1,∞),
where C~p,~q =
∏2
i=1 (pi/ri)
1/pi (qi/ri)
1/qi with suitable changes for pi =∞ or qi =∞.
However, for mixed weak norms, Ho¨lder’s inequality is true only for very special cases.
The following is a complete characterization of indices for which Ho¨lder’s inequality is true
on mixed weak spaces.
Theorem 2.14 Suppose that 1/ri = 1/pi + 1/qi, i = 1, 2, where 0 < p1, p2, q1, q2 ≤ ∞.
Then there exists some constant C~p,~q <∞ such that
‖fg‖L~r,∞ ≤ C~p,~q‖f‖L~p,∞‖g‖L~q,∞ , ∀f, g,
if and only if p1q2 = p2q1.
When the condition is true, we have
C~p,~q =


max{1, 21/r1−1/r2}
p
1/p2
2 q
1/q2
2
r
1/r2
2
, 0 < p1, p2, q1, q2 <∞,
max{1, 21/r1−1}
p
r1/p1
1 q
r1/q1
1
r1
, p2 = q2 =∞, 0 < p1, p2 <∞,
p
1/p2
2 q
1/q2
2
r
1/r2
2
, p1 = q1 =∞, 0 < p2, q2 <∞,
1, ~p = (∞,∞) or ~q = (∞,∞).
To prove Ho¨lder’s inequality, we need the following preliminary result, for which we
omit the proof.
Lemma 2.15 (i). For any α > 0 and a, b > 0, we have
(a+ b)α ≤ max{2α−1, 1}(aα + bα).
(ii). For 0 ≤ θ ≤ 1 and a, b ≥ 0, we have
a+ b ≥
aθb1−θ
θθ(1− θ)1−θ
,
and the equality is true if and only if a/θ = b/(1 − θ).
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Proof of Theorem 2.14. We prove only the sufficiency. The necessity can be found
in Example 2.16.
First, we consider the case of 0 < p1, p2, q1, q2 < ∞ with p1/q1 = p2/q2. For any
λ, a > 0, we have
{(x, y) : f(x, y)g(x, y) > λ} ⊂ {(x, y) : f(x, y) >
λ
a
}
⋃
{(x, y) : g(x, y) > a}. (2.6)
Denote Ey,λ,f = {x : f(x, y) > λ}. We see from the above formula that Ey,λ,fg ⊂
Ey,λ/a,f ∪ Ey,a,g. Hence
|Ey,λ,fg| ≤ |Ey,λ/a,f |+ |Ey,a,g|. (2.7)
Note that r2/r1 = p2/p1 = q2/q1. We see from Lemma 2.15 that there is some constant
Cp2/p1 such that
|Ey,λ,fg|
r2/r1 ≤ Cp2/p1
(
|Ey,λ/a,f |
p2/p1 + |Ey,a,g|
q2/q1
)
.
Hence ∫
Rm
|Ey,λ,fg|
r2/r1dy ≤ Cp2/p1
(∫
Rm
|Ey,λ/a,f |
p2/p1dy +
∫
Rm
|Ey,a,g|
q2/q1dy
)
.
Observe that∫
Rm
|Ey,λ/a,f |
p2/p1dy =
(a
λ
)p2 (λ
a
(∫
Rm
|Ey,λ/a,f |
p2/p1dy
)1/p2)p2
≤
(a
λ
)p2
‖f‖p2
L~p,∞
.
Similarly we get that ∫
Rm
|Ey,a,g|
q2/q1dy ≤
1
aq2
‖g‖q2
L~q,∞
.
Hence ∫
Rm
|Ey,λ,fg|
r2/r1dy ≤ Cp2/p1
((a
λ
)p2
‖f‖p2
L~p,∞
+
‖g‖q2
L~q,∞
aq2
)
. (2.8)
Take some a0 > 0 such that
(a0/λ)
p2‖f‖p2
L~p,∞
r2/p2
=
(1/a0)
q2‖g‖q2
L~q,∞
r2/q2
.
We see from Lemma 2.15 (ii) that
(a0
λ
)p2
‖f‖p2
L~p,∞
+
‖g‖q2
L~q,∞
aq20
=
(
p2
r2
)r2/p2 (q2
r2
)r2/q2
·
1
λr2
‖f‖r2
L~p,∞
‖g‖r2
L~q,∞
.
By (2.8), we have
λ
(∫
Rm
|Ey,λ,fg|
r2/r1dy
)1/r2
≤ C
1/r2
p2/p1
(
p2
r2
)1/p2 (q2
r2
)1/q2
‖f‖L~p,∞‖g‖L~q,∞ .
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Taking the supremum over λ, we get the conclusion as desired.
Next we consider the case of p2 = q2 =∞. In this case, r2 =∞. If p1 =∞ or q1 =∞,
the conclusion is obvious. For the case of 0 < p1, q1 <∞, we see from (2.7) that
|Ey,λ,fg|
1/r1 ≤ C1/r1
(
|Ey,λ/a,f |
1/r1 + |Ey,a,g|
1/r1
)
.
Hence ∥∥∥|Ey,λ,fg|1/r1∥∥∥
L∞y
≤ C1/r1
(∥∥∥|Ey,λ/a,f |1/r1∥∥∥
L∞y
+
∥∥∥|Ey,a,g|1/r1∥∥∥
L∞y
)
= C1/r1
(∥∥∥|Ey,λ/a,f |1/p1∥∥∥p1/r1
L∞y
+
∥∥∥|Ey,a,g|1/q1∥∥∥q1/r1
L∞y
)
.
Since ∥∥∥|Ey,λ/a,f |1/p1∥∥∥p1/r1
L∞y
=
(a
λ
)p1/r1 ∥∥∥∥λa |Ey,λ/a,f |1/p1
∥∥∥∥
p1/r1
L∞y
≤
(a
λ
)p1/r1
‖f‖
p1/r1
L~p,∞
and ∥∥∥|Ey,a,g|1/q1∥∥∥q1/r1
L∞y
≤
1
aq1/r1
‖g‖
q1/r1
L~q,∞
,
with similar arguments as the previous case we get
‖fg‖L~r,∞ ≤ C1/r1
(
p1
r1
)r1/p1 (q1
r1
)r1/q1
‖f‖L~p,∞‖g‖L~q,∞ .
For p1 = q1 =∞, we see from (2.6) that
‖χEy,λ,fg‖L∞x ≤ ‖χEy,λ/a,f‖L∞x + ‖χEy,a,g‖L∞x .
Since every term in the above inequality is either 0 or 1, we have
‖χEy,λ,fg‖
r2
L∞x
≤ ‖χEy,λ/a,f‖
p2
L∞x
+ ‖χEy,a,g‖
q2
L∞x
.
Hence ∫
Rm
‖χEy,λ,fg‖
r2
L∞x
dy ≤
∫
Rm
‖χEy,λ/a,f‖
p2
L∞x
dy +
∫
Rm
‖χEy,a,g‖
q2
L∞x
dy
=
(a
λ
)p2 ∫
Rm
∥∥∥∥λaχEy,λ/a,f
∥∥∥∥
p2
L∞x
dy
+
1
aq2
·
∫
Rm
∥∥∥aχEy,a,g∥∥∥q2L∞x dy
≤
(a
λ
)p2
‖f‖p2
L~p,∞
+
1
aq2
‖g‖q2
L~q,∞
. (2.9)
Take some a > 0 such that
(a/λ)p2‖f‖p2
L~p,∞
r2/p2
=
(1/a)q2‖g‖q2
L~q,∞
r2/q2
.
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We see from Lemma 2.15 (ii) and (2.9) that∫
Rm
‖χEy,λ,fg‖
r2
L∞x
dy ≤
(
p2
r2
)r2/p2 (q2
r2
)r2/q2 1
λr2
‖f‖r2
L~p,∞
‖g‖r2
L~q,∞
.
Hence
λ
(∫
Rm
‖χEy,λ,fg‖
r2
L∞x
dy
)1/r2
≤
(
p2
r2
)1/p2 (q2
r2
)1/q2
‖f‖L~p,∞‖g‖L~q,∞ .
Therefore,
‖fg‖L~r,∞ ≤
(
p2
r2
)1/p2 (q2
r2
)1/q2
‖f‖L~p,∞‖g‖L~q,∞ .
Finally, the case of ~p = (∞,∞) or ~q = (∞,∞) is obvious. This completes the proof.

The following examples show the necessity part in Theorem 2.14. In other words,
whenever p1q2 6= p2q1, Ho¨lder’s inequality does not hold.
Example 2.16 Suppose that 1/ri = 1/pi + 1/qi, i = 1, 2.
(i). For 0 < q1, q2 ≤ ∞ and g(x, y) = (|x|
n + |y|m)−γ with γ = 1/q1 + 1/q2, we have
g ∈ L~q,∞.
(ii). For q1 = ∞, 0 < p2 ≤ ∞ and 0 < p1, q2 < ∞, set γ = 1/q2 and α = p1/p2 + p1/q2.
Let f(x, y) = (|x|n+|y|m)γχE(x, y) and g(x, y) = (|x|
n+|y|m)−γ , where E = {(x, y) :
0 < |x|n < |y|−mα, 1 ≤ |y| ≤ N}. Then we have
lim
N→∞
‖fg‖L~r,∞
‖f‖L~p,∞‖g‖L~q,∞
=∞.
(iii). For q2 = ∞, 0 < p1 ≤ ∞ and 0 < p2, q1 < ∞, set γ = n/q1. Let f(x, y) =
|x|γχE(x, y) and g(x, y) = |x|
−γ , where E = {(x, y) : |x|n ≤ |y|−mr1/r2}. Then we
have
‖fg‖L~r,∞ 6. ‖f‖L~p,∞‖g‖L~q,∞ .
(iv). For 0 < p1, p2, q1, q2 <∞ with p2/q2 > p1/q1, set
α
m
=
1
q2
−
β
q1
, β =
1/p2 + 1/q2
1/p1 + 1/q1
,
f(x, y) = |y|αχE(x, y) and g(x, y) = |y|
−αχE(x, y), where E = {(x, y) : |x|
n ≤
|y|−mβ}. Then we have
‖fg‖L~r,∞ 6. ‖f‖L~p,∞‖g‖L~q,∞ .
(v). For 0 < p1, p2, q1, q2 <∞ with p2/q2 < p1/q1, set
α
m
=
1
p2
−
β
p1
, β =
1/p2 + 1/q2
1/p1 + 1/q1
,
f(x, y) = |y|−αχE(x, y) and g(x, y) = |y|
αχE(x, y), where E = {(x, y) : |x|
n ≤
|y|−mβ}. Then we have
‖fg‖L~r,∞ 6. ‖f‖L~p,∞‖g‖L~q,∞ .
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Proof. (i). First, we assume that 0 < q1, q2 < ∞. Denote E1 =
{
y : |y|m < λ−1/γ
}
.
For any y ∈ E1, ∣∣∣∣
{
x :
1
(|x|n + |y|m)γ
> λ
}∣∣∣∣ .n 1λ1/γ . (2.10)
And for y 6∈ E1, ∣∣∣∣
{
x :
1
(|x|n + |y|m)γ
> λ
}∣∣∣∣ = 0. (2.11)
So (∫
Rm
∣∣∣∣
{
x :
1
(|x|n + |y|m)γ
> λ
}∣∣∣∣
q2/q1
dy
)1/q2
≤ Cn
(∫
E1
1
λq2/(γq1)
dy
)1/q2
= Cn,m
1
λ1/(γq1)+1/(γq2)
. (2.12)
Hence for γ = 1/q1 + 1/q2, we have g ∈ L
~q,∞. With suitable modification of the above
arguments we see that the conclusion is also true if q1 =∞ or q2 =∞.
(ii). For 0 < p2 <∞, a simple computation shows that
‖fg‖L~r,∞ = ‖χE‖L~r ≈
(∫
1≤|y|≤N
|y|−mαr2/r1dy
)1/r2
≈
( ∫ N
1
t−mαr2/r1+m−1dt
)1/r2
and
‖f‖L~p ≤
(∫
1≤|y|≤N
|y|mγp2−mαp2/p1dy
)1/p2
.
(∫ N
1
tmγp2−mαp2/p1+m−1dy
)1/p2
.
Since α = p1/p2 + p1/q2 and p1 = r1, we have αr2/r1 = 1. Moreover,
γp2 −
αp2
p1
+ 1 =
p2
q2
−
p2
p1
(
p1
p2
+
p1
q2
)
+ 1 = 0.
Hence
‖fg‖L~r,∞ ≈ (lnN)
1/r2 and ‖f‖L~p . (lnN)
1/p2 .
And for p2 =∞, it is easy to see that
‖fg‖L~r,∞ ≈ (lnN)
1/r2 and ‖f‖L~p . 1.
By (i), ‖g‖L~q,∞ <∞. Since p2 > r2 and
‖fg‖L~r,∞
‖f‖L~p,∞‖g‖L~q,∞
≥
‖fg‖L~r,∞
‖f‖L~p‖g‖L~q,∞
& (lnN)1/r2−1/p2 ,
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we get the conclusion as desired.
(iii). It is easy to see
‖fg‖L~r,∞ = ‖χE‖L~r ≈
(∫
Rm
|y|−mdy
)1/r2
=∞.
On the other hand, for 0 < p1 <∞,
‖f‖L~p,∞ = sup
λ>0
λ
(∫
Rm
|{x : |f(x, y)| > λ}|p2/p1 dy
)1/p2
= sup
λ>0
λ
(∫
Rm
∣∣∣{x : λn/γ < |x|n ≤ |y|−mr1/r2}∣∣∣p2/p1 dy)1/p2
. sup
λ>0
λ
(∫
|y|<λ−nr2/(mγr1)
(|y|−mr1/r2 − λn/γ)p2/p1dy
)1/p2
. sup
λ>0
λ
(∫
|y|<λ−nr2/(mγr1)
(|y|−mr1/r2)p2/p1dy
)1/p2
. 1.
And for p1 =∞, we also have ‖f‖L~p,∞ . 1.
Observe that
‖g‖L~q,∞ = sup
λ>0
λ
∥∥∥|{x : |x|−γ > λ}|1/q1∥∥∥
L∞y
= sup
λ>0
λ
∥∥∥|{x : |x| < λ−1/γ}|1/q1∥∥∥
L∞y
. sup
λ>0
λ(λ−n/γ)1/q1 = 1.
We get the conclusion as desired.
(iv). We see from the definition of α and β that
1
q2
=
α
m
+
β
q1
,
β
p1
=
α
m
+
1
p2
.
First, we show that α > 0, which is equivalent to
q1
q2
>
1/p2 + 1/q2
1/p1 + 1/q1
.
Or equivalently,
q1
p1
>
q2
p2
,
which is true by the hypothesis.
Next we show that f ∈ L~p,∞. In fact,
‖f‖L~p,∞ = sup
λ>0
λ
(∫
Rm
|{x : |y|αχE(x, y) > λ}|
p2/p1 dy
)1/p2
. sup
λ>0
λ
(∫
|y|>λ1/α
|y|−mβp2/p1dy
)1/p2
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. sup
λ>0
λ
(∫ ∞
λ1/α
t−mβp2/p1+m−1dt
)1/p2
= sup
λ>0
λλ−1 = 1.
Similarly, we prove that g ∈ L~q,∞.
‖g‖L~q,∞ = sup
λ>0
λ
(∫
Rm
∣∣{x : |y|−αχE(x, y) > λ}∣∣q2/q1 dy
)1/q2
. sup
λ>0
λ
(∫
|y|<λ−1/α
|y|−mβq2/q1dy
)1/q2
. sup
λ>0
λ
(∫ λ−1/α
0
t−mβq2/q1+m−1dt
)1/q2
. 1.
However,
‖fg‖L~r,∞ = ‖χE‖L~r =
( ∫
Rm
|y|−mβr2/r1dy
)1/r2
=∞.
Hence ‖fg‖L~r,∞ 6. ‖f‖L~p,∞‖g‖L~q,∞ .
(v). By an interchange of f and g in (iv), we get (v). 
2.5 Interpolation
It is well known that for p < r < q, we have Lp ∩ Lq ⊂ Lr. The same is true for weak
Lebesgue spaces. Moreover, we have the following interpolation formula.
Proposition 2.17 ([16, Propisition 1.1.14]) Let p < q ≤ ∞ and f ∈ Lp,∞ ∩ Lq,∞.
Then f is in Lr for all p < r < q and
‖f‖Lr ≤
(
r
r − p
+
r
q − r
)1/r
‖f‖θLp,∞‖f‖
1−θ
Lq,∞
with the suitable interpretation when q =∞, where 0 < θ < 1 satisfies 1/r = θ/p+(1−θ)/q.
However, the above proposition is not true in general if p, q, r are replaced with vector
indices.
Theorem 2.18 Suppose that ~p = (p1, p2), ~q = (q1, q2) and ~r = (r1, r2) satisfy that
1
ri
=
θ
pi
+
1− θ
qi
, i = 1, 2, (2.13)
where 0 < θ < 1 is a constant. Then we have
‖f‖L~r,∞ ≤ ‖f‖
θ
L~p,∞‖f‖
1−θ
L~q,∞
,
‖f‖L~r ≤
(
r1
r1 − p1
+
r1
q1 − r1
)1/r1
‖f‖θLp2 (Lp1,∞)‖f‖
1−θ
Lq2 (Lq1,∞).
However, if 1/p1+1/p2 = 1/q1+1/q2, then for any multiple index ~r, L
~p,∞∩L~q,∞ 6⊂ L~r.
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Proof. Fix some function f and λ > 0. We see from Ho¨lder’s inequality that
λ‖χ{|f |>λ}‖L~r ≤ λ
θ‖χ{|f |>λ}‖L~p/θ · λ
1−θ‖χ{|f |>λ}‖L~q/(1−θ)
≤ ‖f‖θL~p,∞‖f‖
1−θ
L~q,∞
.
Hence ‖f‖L~r,∞ ≤ ‖f‖
θ
L~p,∞
‖f‖1−θ
L~q,∞
.
On the other hand, we see from Proposition 2.17 that
‖f(·, y)‖Lr1x ≤
(
r1
r1 − p1
+
r1
q1 − r1
)1/r1
‖f(·, y)‖θ
L
p1,∞
x
‖f(·, y)‖1−θ
L
q1,∞
x
.
By Ho¨lder’s inequality, we get
‖f‖L~r ≤
(
r1
r1 − p1
+
r1
q1 − r1
)1/r1 ∥∥∥‖f‖θLp1,∞x
∥∥∥
L
p2/θ
y
∥∥∥‖f(·, y)‖1−θ
L
q1,∞
x
∥∥∥
L
q2/(1−θ)
y
=
(
r1
r1 − p1
+
r1
q1 − r1
)1/r1
‖f‖θLp2 (Lp1,∞)‖f‖
1−θ
Lq2 (Lq1,∞).
Next we show that L~p,∞ ∩L~q,∞ 6⊂ L~r. Set f(x, y) = (|x|n + |y|m)−γ , where γ > 0. For
γ = 1/q1 + 1/q2 = 1/p1 + 1/p2, we see from Example 2.16(i) that f ∈ L
~p,∞ ∩ L~q,∞.
It remains to show that f 6∈ L~r. We have∫
Rn
|f(x, y)|r1dx ≥
∫
|x|n<|y|m
|f(x, y)|r1dx+
∫
|x|n≥|y|m
|f(x, y)|r1dx
≥
∫
|x|n<|y|m
1
2γr1 |y|mγr1
dx+
∫
|x|n≥|y|m
1
2γr1 |x|nγr1
dx.
Hence for γr1 ≤ 1, we have ‖f(·, y)‖Lr1x =∞. And for γr1 > 1, we have∫
Rn
|f(x, y)|r1dx ≥ Cn,r1
1
|y|mγr1−m
.
In both cases, we have ‖f‖L~r =∞. 
When the iterated weak norms are invoked, we get again an interpolation theorem.
However, four iterated weak norms are invoked.
Theorem 2.19 Suppose that
1
r1
=
θ
p1
+
1− θ
q1
,
1
r2
=
θξ
p21
+
(1− θ)ξ
p22
+
θ(1− ξ)
q21
+
(1− θ)(1− ξ)
q22
,
where 0 < θ, ξ < 1 are constants. Then we have
‖f‖L~r ≤ C‖f‖
θξ
Lp21,∞(Lp1,∞)‖f‖
(1−θ)ξ
Lp22,∞(Lq1,∞)‖f‖
θ(1−ξ)
Lq21,∞(Lp1,∞)‖f‖
(1−θ)(1−ξ)
Lq22,∞(Lq1,∞).
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Proof. We see from Proposition 2.17 that
‖f(·, y)‖Lr1x ≤
(
r1
r1 − p1
+
r1
q1 − r1
)1/r1
‖f(·, y)‖θ
L
p1,∞
x
‖f(·, y)‖1−θ
L
q1,∞
x
.
Set
1
p2
=
θ
p21
+
1− θ
p22
and
1
q2
=
θ
q21
+
1− θ
q22
.
Then we have 1/r2 = ξ/p2 + (1− ξ)/q2. Using Proposition 2.17 again we get
‖f‖L~r ≤ C
∥∥∥‖f(·, y)‖θLp1,∞x ‖f(·, y)‖1−θLq1 ,∞x
∥∥∥ξ
L
p2,∞
y
×
∥∥∥‖f(·, y)‖θLp1,∞x ‖f(·, y)‖1−θLq1 ,∞x
∥∥∥1−ξ
L
q2,∞
y
.
Now we see from Ho¨lder’s inequality for weak norms that
‖f‖L~r ≤ C
∥∥∥‖f(·, y)‖θLp1,∞x
∥∥∥ξ
L
p21/θ,∞
y
∥∥∥‖f(·, y)‖1−θ
L
q1,∞
x
∥∥∥ξ
L
p22/(1−θ),∞
y
×
∥∥∥‖f(·, y)‖θLp1,∞x
∥∥∥1−ξ
L
q21/θ,∞
y
∥∥∥‖f(·, y)‖1−θ
L
q1,∞
x
∥∥∥1−ξ
L
q22/(1−θ),∞
y
= C‖f‖θξLp21,∞(Lp1,∞)‖f‖
(1−θ)ξ
Lp22,∞(Lq1,∞)‖f‖
θ(1−ξ)
Lq21,∞(Lp1,∞)‖f‖
(1−θ)(1−ξ)
Lq22,∞(Lq1,∞). (2.14)

The above results can be restated as follows. Denote ~pa = (p1, p21), ~pb = (p1, q21), ~qa =
(q1, p22) and ~qb = (q1, q22). Let (1/r1, 1/r2) be a point in the interior of the quadrilateral
determined by the four points (1/p1, 1/p21), (1/p1, 1/q21), (1/q1, 1/p22), (1/q1, 1/q22) as
shown in Figure 1. Then we have
L~pa,∞ ∩ L~pb,∞ ∩ L~qa,∞ ∩ L~qb,∞ ⊂ L~r.
( 1p1 ,
1
p21
)
( 1p1 ,
1
q21
)
( 1q1 ,
1
p22
)
( 1q1 ,
1
q22
)
( 1r1 ,
1
r2
)
Figure 1: Interpolation area
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3 Geometric Inequalities Related to Fractional Integration
In this section, we study the boundedness of Tγ and Lγ from L
~p to L~q. First, we consider
Tγ with ~p = (∞,∞). In this case, it is more convenient to rewrite the inequality in the
following form,
‖F‖X . sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1+n/q2 ,
whereX stands for some norm defined on R2n. Recall that L~p = L∞ whenever ~p = (∞,∞).
First, we point out that the following inequality
‖F‖L~p,∞ ≤ C~p,n sup
x,y∈Rn
F (x, y)|x− y|n/p1+n/p2 (3.1)
if false, even for characteristic functions. This is because for any s > 0,
|{(x, y) : |x− y| < s}| =∞.
Now we turn to study its fractional form as follows.
Theorem 3.1 Let F be a nonnegative measurable function defined on R2n. Then for all
0 < q1, q2 ≤ ∞, we have
‖F‖L~q,∞ ≤ C~q,n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1+n/q2 , (3.2)
‖F‖Lq2,∞(Lq1,∞) ≤ C~q,n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1+n/q2 . (3.3)
However, for ~q 6= (∞,∞), we have
‖F‖L~q ≤ C~q,n sup
x,y∈Rn
F (x, y)(|x+ y|+ |x− y|)n/q1+n/q2 (3.4)
is not true for all F ∈ L~q(R2n).
Proof. (i). First, we prove (3.2). For 0 < q1, q2 <∞, suppose that
sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1+n/q2 = s <∞.
Denote Ey,λ = {x : |F (x, y)| > λ}. For any λ > 0,
∥∥∥|Ey,λ|1/q1∥∥∥
Lq2
≤
(∫
Rn
∣∣∣{x : (|x+ y|+ |x− y|)n/q1+n/q2 < s
λ
}∣∣∣q2/q1dy)1/q2 .
Denote E1 =
{
y : |y| < (1/2)(s/λ)q1q2/(nq1+nq2)
}
. For any y ∈ E1,
∣∣∣{x : (|x+ y|+ |x− y|)n/q1+n/q2 < s
λ
}∣∣∣ .n ( s
λ
)q1q2/(q1+q2)
. (3.5)
And for y 6∈ E1, ∣∣∣{x : (|x+ y|+ |x− y|)n/q1+n/q2 < s
λ
}∣∣∣ = 0. (3.6)
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So (∫
Rn
∣∣∣{x : (|x+ y|+ |x− y|)n/q1+n/q2 < s
λ
}∣∣∣q2/q1 dy)1/q2
≤ C~q,n
(∫
E1
(( s
λ
)q1q2/(q1+q2))q2/q1
dy
)1/q2
= C~q,n
( s
λ
)q2/(q1+q2)( ∫
E1
dy
)1/q2
= C~q,n
s
λ
.
Therefore,
‖F‖L~q,∞ = sup
λ>0
λ
∥∥∥|Ey,λ|1/q1∥∥∥
Lq2
.n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1+n/q2 .
Now we consider the case of endpoints. Since the case of q1 = q2 = ∞ is obvious, we
assume that one of q1 and q2 is finite.
For q2 =∞, we have
‖F‖L~q,∞ = sup
λ>0
λ
∥∥∥|Ey,λ|1/q1∥∥∥
L∞
.
Taking similar calculation gives for any λ > 0,
∥∥∥|Ey,λ|1/q1∥∥∥
L∞
≤
∥∥∥ ∣∣∣{x : (|x+ y|+ |x− y|)n/q1 < s
λ
}∣∣∣1/q1 ∥∥∥
L∞
≤ Cq1,n
s
λ
.
Hence
‖F‖L~q,∞ = sup
λ>0
λ
∥∥∥|Ey,λ|1/q1∥∥∥
L∞
≤ Cq1,ns.
For q1 =∞, we have
‖F‖L~q,∞ = sup
λ>0
λ
∥∥∥‖χEy,λ‖L∞
∥∥∥
Lq2
.
Note that for any λ > 0,
χEy,λ ≤ χ{x: (|x+y|+|x−y|)n/q2<s/λ}.
If |y| < (1/2)(s/λ)q2/n, ‖χEy,λ‖L∞ ≤ 1; if |y| ≥ (1/2)(s/λ)
q2/n, ‖χEy,λ‖L∞ = 0. Hence∥∥∥‖χEy,λ‖L∞
∥∥∥
Lq2
≤ Cq2,n
s
λ
.
Therefore,
‖F‖L~q,∞ = sup
λ>0
λ
∥∥∥‖χEy,λ‖L∞
∥∥∥
Lq2
≤ Cq2,ns.
(ii). Next we prove (3.3). As in the previous arguments, we consider first the case of
q1, q2 <∞.
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As in the proof of (3.2), suppose that supx,y∈Rn F (x, y)(|x + y| + |x − y|)
n/q1+n/q2 =
s <∞. Then we see from (3.5) and (3.6) that for any y 6= 0,
sup
λ>0
λ|{x : |F (x, y)| > λ}|1/q1
≤ sup
λ>0
λ
∣∣∣{x : (|x+ y|+ |x− y|)n/q1+n/q2 < s
λ
}∣∣∣1/q1
= C~q,ns|y|
−n/q2 .
Hence
‖F‖Lq2,∞(Lq1,∞) =
∥∥∥‖F‖Lq1,∞x
∥∥∥
L
q2,∞
y
= sup
β>0
β
∣∣∣∣
{
y : sup
λ>0
λ|{x : |F (x, y)| > λ}|1/q1 > β
}∣∣∣∣
1/q2
≤ sup
β>0
β
∣∣∣{y : C~q,ns|y|−n/q2 > β}∣∣∣1/q2
≤ sup
β>0
βC~q,nsβ
−1 = C~q,ns.
It remains to see the endpoint cases. For q2 =∞,
‖F‖L∞(Lq1,∞) =
∥∥∥‖F‖Lq1,∞x
∥∥∥
L∞y
.
For any λ > 0 and y ∈ Rn,
λ|{x : |F (x, y)| > λ}|1/q1 ≤ λ
∣∣∣{x : (|x+ y|+ |x− y|)n/q1 < s
λ
}∣∣∣1/q1
≤ Cq1,ns.
Hence
‖F‖L∞(Lq1,∞) =
∥∥∥‖F‖Lq1,∞x
∥∥∥
L∞y
≤ Cq1,ns.
For q1 =∞,
‖F‖Lq2,∞(L∞) =
∥∥∥‖F‖L∞x ∥∥∥Lq2,∞y .
Since
F (x, y) ≤ s(|x+ y|+ |x− y|)−n/q2 ≤ s(2|y|)−n/q2 ,
we get for all y,
‖F‖L∞x ≤ Cq2,ns|y|
−n/q2 .
Hence
∥∥∥‖F‖L∞x ∥∥∥Lq2,∞y ≤ Cq2,ns.
Finally, we use a counterexample to show that (3.4) is false. We consider only the case
of q1, q2 <∞. Other cases can be found in Theorem 3.2.
Let
FN (x, y) =
(
1
|x|+ |y|
)n/q1+n/q2
χ{(x,y): 1≤|y|≤N,|y|≤|x|}, N ∈ N.
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Clearly,
sup
x,y∈Rn
FN (x, y)(|x + y|+ |x− y|)
n/q1+n/q2 ≤ 2n/q1+n/q2 .
On the other hand,
‖FN‖L~q =

∫
{y: 1≤|y|≤N}
(∫
{x: |x|≥|y|}
1
(|x|+ |y|)n+nq1/q2
dx
)q2/q1
dy


1/q2
.
By polar coordinates, we have
‖FN‖L~q = C

∫
{y: 1≤|y|≤N}
(∫ ∞
|y|
rn−1
(r + |y|)n+nq1/q2
dr
)q2/q1
dy


1/q2
≥ C ′

∫
{y: 1≤|y|≤N}
(∫ ∞
|y|
rn−1
rn+nq1/q2
dr
)q2/q1
dy


1/q2
= C~q,n
( ∫
{y: 1≤|y|≤N}
|y|−ndy
)1/q2
= C~q,n(lnN)
1/q2 .
Letting N →∞, we get
‖FN‖L~q →∞,
which implies that (3.4) does not hold for all F ∈ L~q(R2n). 
Next we consider the boundedness of Tγ from L
∞(R2n) to X(Rn), where X stands for
the mixed norm Lq2,∞(Lq1) or Lq2(Lq1,∞).
Theorem 3.2 Let F be a nonnegative measurable function defined on R2n. Then for all
0 < q1, q2 <∞ we have
‖F‖Lq2,∞(Lq1 ) ≤ C~q,n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1+n/q2 . (3.7)
However,
‖F‖Lq2 (Lq1,∞) ≤ C~q,n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1+n/q2 (3.8)
does not hold.
Meanwhile, we present all the endpoint cases. For any C~q,n > 0,
‖F‖L∞(Lq1 )  C~q,n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1 , (3.9)
‖F‖Lq1 (L∞)  C~q,n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1 . (3.10)
For the remaining endpoint cases, we have
‖F‖Lq1,∞(L∞) ≤ C~q,n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1 , (3.11)
‖F‖L∞(Lq1,∞) ≤ C~q,n sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1 . (3.12)
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Proof. (1) Suppose that sup
x,y∈Rn
F (x, y)(|x + y|+ |x− y|)n/q1+n/q2 = s <∞. Then
( ∫
Rn
|F (x, y)|q1dx
)1/q1
≤ s
(∫
Rn
1
(|x+ y|+ |x− y|)n+nq1/q2
dx
)1/q1
.
For any y, denote My = {x : |x| < |y|} and Ny = {x : |x| ≥ |y|}. Note that
1
|x+ y|+ |x− y|
≤ min
{ 1
2|x|
,
1
2|y|
}
, ∀ x, y 6= 0.
Then by calculation
s
(∫
Rn
1
(|x+ y|+ |x− y|)n+nq1/q2
dx
)1/q1
= s
((∫
My
+
∫
Ny
) 1
(|x+ y|+ |x− y|)n+nq1/q2
dx
)1/q1
≤ s
(∫
My
( 1
2|y|
)n+nq1/q2
dx+
∫
Ny
( 1
2|x|
)n+nq1/q2
dx
)1/q1
= C~q,ns|y|
−n/q2 .
Therefore,
‖F‖Lq2,∞(Lq1 ) =
∥∥∥‖F‖Lq1x
∥∥∥
L
q2,∞
y
≤ sup
α>0
α
∣∣∣{y : C~q,ns|y|−n/q2 > α}∣∣∣1/q2 ≤ C~q,ns.
(2) We consider
FN (x, y) =
(
1
|x|+ |y|
)n/q1+n/q2
χ{(x,y): 1≤|y|≤N}, N ∈ N.
Clearly,
sup
x,y∈Rn
FN (x, y)(|x + y|+ |x− y|)
n/q1+n/q2 ≤ 2n/q1+n/q2 .
On the other hand,
sup
α>0
α|{x : |FN (x, y)| > α}|
1/q1 = sup
α>0
α
∣∣∣∣
{
x : (|x|+ |y|)n/q1+n/q2 <
1
α
}∣∣∣∣
1/q1
= sup
α>0
α
∣∣∣∣
{
x : |x| < (
1
α
)q1q2/(nq1+nq2) − |y|
}∣∣∣∣
1/q1
.
Choosing α = ( 12|y|)
n/q1+n/q2 , we have
sup
α>0
α|{x : |FN (x, y)| > α}|
1/q1 ≥
( 1
2|y|
)n/q1+n/q2
|{x : |x| < |y|}|1/q1
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= C~q,n|y|
−n/q2 .
Hence
‖FN‖Lq2 (Lq1,∞) =
∥∥∥‖FN‖Lq1,∞x
∥∥∥
L
q2
y
&~q,n (
∫
1≤|y|≤N
dy
|y|n
)1/q2 = (lnN)1/q2 .
Letting N →∞, we see a contradiction.
(3) We use the similar counterexample to show (3.9) and (3.10). Let
FN (x, y) =
(
1
|x|+ |y|
)n/q1
χ[1,N ](|x|)χ[1,N ](|y|), N ∈ N.
Then sup
x,y∈Rn
FN (x, y)(|x+ y|+ |x− y|)
n/q1 ≤ 2n/q1 . While,
‖FN‖Lq1x =
(∫
{x: 1≤|x|≤N}
dx
(|x|+ |y|)n
)1/q1
≥
(∫
{x: |y|≤|x|≤N}
dx
2n|x|n
)1/q1
= Cq1,n(lnN − ln |y|)
1/q1
and
‖FN‖L∞x = (1 + |y|)
−n/q1 .
Consequently,
‖FN‖L∞(Lq1 ) =
∥∥∥‖FN‖Lq1x
∥∥∥
L∞y
&q1,n (lnN)
1/q1
and
‖FN‖Lq1 (L∞) =
∥∥∥‖FN‖L∞x ∥∥∥Lq1y
=
(∫
{y: 1≤|y|≤N}
1
(1 + |y|)n
dy
)1/q1
≥
(∫
{y: 1≤|y|≤N}
1
(2|y|)n
dy
)1/q1
= Cq1,n(lnN)
1/q1 .
Letting N →∞ we have a contradiction. That gives the endpoint cases (3.9) and (3.10).
Obviously, the other two endpoint cases (3.11) and (3.12) follow from the endpoint cases
of (3.3).

From (3.3) we get the following geometric inequalities which were studied in [8].
Corollary 3.3 For all 0 < p1, p2 ≤ ∞,
‖f‖Lp1,∞‖g‖Lp2,∞ ≤ C~p,n sup
x,y∈Rn
f(x)g(y)|x− y|n/p1+n/p2 (3.13)
holds for any f ∈ Lp1,∞, g ∈ Lp2,∞.
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Furthermore, by interpolation
‖f‖Lp1‖g‖Lp2 ≤ C~p,n sup
x,y∈Rn
f(x)g(y)|x − y|n/p1+n/p2 (3.14)
holds for any f ∈ Lp1, g ∈ Lp2.
Proof. Let F (x, y) = f(x)g(y). Obviously
‖F‖Lp2,∞(Lp1,∞) = ‖f‖Lp1,∞‖g‖Lp2,∞ .
By (3.3), we obtain that for all f ∈ Lp1,∞ and g ∈ Lp2,∞,
‖f‖Lp1,∞‖g‖Lp2,∞ ≤ C~p,n sup
x,y∈Rn
f(x)g(y)(|x + y|+ |x− y|)n/p1+n/p2 .
By interpolation, it is known that for all 0 < p1 < r < p2 ≤ ∞,
‖f‖r ≤ C~p,r‖f‖
θ
p1,∞‖f‖
1−θ
p2,∞, (3.15)
where
1
r
=
θ
p1
+
1− θ
p2
.
Denote γ = n/p1 + n/p2. It follows from (3.3) that
‖f‖Ln/γ,∞‖g‖L∞ ≤ C~p,n sup
x,y∈Rn
f(x)g(y)(|x + y|+ |x− y|)γ
and
‖f‖L∞‖g‖Ln/γ,∞ ≤ C~p,n sup
x,y∈Rn
f(x)g(y)(|x + y|+ |x− y|)|γ .
Since
1
p1
=
γ
n
·
p2
p1 + p2
+
1
∞
·
p1
p1 + p2
and
1
p2
=
γ
n
·
p1
p1 + p2
+
1
∞
·
p2
p1 + p2
,
we see from (3.15) that
‖f‖Lp1‖g‖Lp2 ≤ C~p,n‖f‖
p2/(p1+p2)
Ln/γ,∞
‖f‖
p1/(p1+p2)
L∞ ‖g‖
p1/(p1+p2)
Ln/γ,∞
‖g‖
p2/(p1+p2)
L∞
≤ C~p,n sup
x,y∈Rn
f(x)g(y)(|x + y|+ |x− y|)n/p1+n/p2 .
From the rearrangement inequality [8, Theorem 4.1] we have
sup
x,y∈Rn
f(x)g(y)|x − y|n/p1+n/p2
≥ sup
x,y∈Rn
f∗(x)g∗(y)|x− y|n/p1+n/p2
=
1
2
sup
x,y∈Rn
f∗(x)g∗(y)|x− y|n/p1+n/p2 +
1
2
sup
x,y∈Rn
f∗(x)g∗(y)|x+ y|n/p1+n/p2
≥
1
2
sup
x,y∈Rn
f∗(x)g∗(y)
(
|x+ y|n/p1+n/p2 + |x− y|n/p1+n/p2)
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≥ C~p,n sup
x,y∈Rn
f∗(x)g∗(y)(|x + y|+ |x− y|)n/p1+n/p2 ,
where f∗ is the symmetric decreasing rearrangement of f . Therefore, from
‖f∗‖Lp1‖g
∗‖Lp2 ≤ C~p,n sup
x,y∈Rn
f∗(x)g∗(y)(|x + y|+ |x− y|)n/p1+n/p2 ,
together with the fact that
‖f‖Lp1 = ‖f
∗‖Lp1 , ‖g‖Lp2 = ‖g
∗‖Lp2 ,
we get
‖f‖Lp1‖g‖Lp2 = ‖f
∗‖Lp1‖g
∗‖Lp2
≤ C~p,n sup
x,y∈Rn
f∗(x)g∗(y)(|x+ y|+ |x− y|)n/p1+n/p2
≤ C~p,n sup
x,y∈Rn
f(x)g(y)(|x − y|)n/p1+n/p2 .
That completes the proof. 
Next we study the boundedness of Tγ for general indices.
Theorem 3.4 Let f be a nonnegative measurable function defined on R2n.
(i). For all 0 < q1 ≤ p1 ≤ ∞ and 0 < q2 ≤ p2 ≤ ∞ satisfying the homogeneity condition
1
q1
+
1
q2
=
1
p1
+
1
p2
+
γ
n
, (3.16)
we have
‖Tγf‖Lq2,∞(Lq1,∞) ≤ C~p,~q,n‖f‖Lp2,∞(Lp1,∞). (3.17)
(ii). For all 0 < p1 ≤ q1 ≤ ∞ and 0 < p2 ≤ q2 ≤ ∞ satisfying the homogeneity condition
1
p1
+
1
p2
=
1
q1
+
1
q2
+
γ
n
, (3.18)
we have
‖T−1γ f‖Lq2,∞(Lq1,∞) ≥ C~p,~q,n‖f‖Lp2,∞(Lp1,∞). (3.19)
(iii). For all 0 < q1 ≤ p1 ≤ ∞ and 0 < q2 ≤ p2 ≤ ∞ satisfying p1q2 = p2q1 and the
homogeneity condition (3.16), we have
‖Tγf‖L~q,∞ ≤ C~p,~q,n‖f‖L~p,∞ . (3.20)
(iv). For all 0 < p1 ≤ q1 ≤ ∞ and 0 < p2 ≤ q2 ≤ ∞ satisfying p1q2 = p2q1 and the
homogeneity condition (3.18), we have
‖T−1γ f‖L~q,∞ ≤ C~p,~q,n‖f‖L~p,∞ . (3.21)
34
Proof. (i). First, we prove (3.17) and (3.19). Let g(x, y) = (|x + y| + |x − y|)−γ .
To prove (3.17), it suffices to show that g ∈ Lr2,∞(Lr1,∞) for all 0 < r1, r2 ≤ ∞ with
1/r1 + 1/r2 = γ/n.
In fact, if this is the case, set
1
r1
:=
1
q1
−
1
p1
,
1
r2
:=
1
q2
−
1
p2
.
Then we have 1/r1 + 1/r2 = γ/n. Applying Ho¨lder’s inequality gives that
‖Tγf‖Lq2,∞(Lq1,∞) ≤ ‖f‖Lp2,∞(Lp1,∞)‖g‖Lr2,∞(Lr1,∞), (3.22)
which is (3.17). Note if p1 =∞ or p2 =∞, (3.22) follows easily.
First, we consider the endpoints. When r1 =∞ and r2 = n/γ, we have
(|x+ y|+ |x− y|)−γ ≤
1
(2|y|)γ
, ∀ y 6= 0.
So
‖g‖L(n/γ,∞)(L∞) ≤ Cn,γ .
When r1 = n/γ and r2 =∞, we have
sup
α>0
α|{x : (|x+ y|+ |x− y|)−γ > α}|γ/n ≤ Cn,γ , ∀ y ∈ R
n.
It remains to verify the case when 0 < r1, r2 <∞. If |y| < α
−1/γ ,
α|{x : |g(x, y)| > α}|1/r1 ≤ Cr1,nα
1−n/(γr1).
If |y| ≥ α−1/γ , it is not hard to see that α|{x : |g(x, y)| > α}|1/r1 = 0. Thus for any y 6= 0,
sup
α>0
α|{x : |g(x, y)| > α}|1/r1 ≤ Cr1,n|y|
n/r1−γ .
Then by definition,
‖g‖Lr2,∞(Lr1,∞) =
∥∥∥‖g‖Lr1,∞x
∥∥∥
L
r2,∞
y
= sup
β>0
β
∣∣∣∣
{
y : sup
α>0
α|{x : |g(x, y)| > α}|1/r1 > β
}∣∣∣∣
1/r2
≤ sup
β>0
β
∣∣∣{y : Cr1,n|y|n/r1−γ > β}∣∣∣1/r2 = C~r,n.
Hence (3.17) is true.
On the other hand, we see from (3.17) that
‖f‖Lp2,∞(Lp1,∞) = ‖TγT
−1
γ f‖Lp2,∞(Lp1,∞) . ‖T
−1
γ f‖Lq2,∞(Lq1,∞).
Hence (3.19) is also true.
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(ii). Next we prove (3.20) and (3.21). Suppose that 0 < p1, p2, q1, q2 < ∞ and 1/q1 +
1/q2 = 1/p1 + 1/p2 + γ/n. Then there always exist r1, r2 satisfying 1/r1 + 1/r2 = γ/n
such that p1/p2 = r1/r2.
In retrospect, it follows from the proof of Theorem 2.18 that for all ~r = (r1, r2) satis-
fying 1/r1 + 1/r2 = γ/n,
(|x+ y|+ |x− y|)−γ ∈ L~r,∞.
By Ho¨lder’s inequality in Theorem 2.14,
‖Tγf‖L~q,∞ .~p,~q,n ‖f‖L~p,∞‖(|x+ y|+ |x− y|)
−γ‖L~r,∞ ,
which gives (3.20). When p1 = q1 = ∞, p2 = q2 = ∞, or p1 = p2 = ∞, as shown in
Theorem 2.14, Ho¨lder’s inequality still holds for these cases. Taking similar arguments we
conclude (3.20).
Likewise, it follows from (3.20) that
‖f‖L~p,∞ = ‖TγT
−1
γ f‖L~p,∞ . ‖T
−1
γ f‖L~q,∞ .
Hence (3.21) is also true.

Remark 3.5 We point out that the condition 1/q1 + 1/q2 = 1/p1 + 1/p2 + γ/n follows
from the homogeneity.
Suppose that (3.17) is true. Then we consider functions f( ·R ,
·
R ) for R > 0. On the
one hand,
‖f(
·
R
,
·
R
)‖Lp2,∞(Lp1,∞) = R
n/p1+n/p2‖f‖Lp2,∞(Lp1,∞).
On the other hand,
sup
α>0
α
∣∣∣{x : f( x
R
,
y
R
)(|x+ y|+ |x− y|)−γ > α
}∣∣∣1/q1
= sup
α>0
α
∣∣∣∣
{
x : f(
x
R
,
y
R
)
(∣∣∣ x
R
+
y
R
∣∣∣+ ∣∣∣ x
R
−
y
R
∣∣∣)−γ > Rγα}
∣∣∣∣
1/q1
= sup
α>0
αRn/q1
∣∣∣∣
{
x : f(x,
y
R
)
(∣∣∣x+ y
R
∣∣∣+ ∣∣∣x− y
R
∣∣∣)−γ > Rγα}∣∣∣∣
1/q1
= Rn/q1−γ sup
α>0
α
∣∣∣∣
{
x : f(x,
y
R
)
(∣∣∣x+ y
R
∣∣∣+ ∣∣∣x− y
R
∣∣∣)−γ > α}∣∣∣∣
1/q1
= Rn/q1−γ‖Tγf(·,
y
R
)‖Lq1,∞x .
Hence ∥∥∥Tγf( ·
R
,
·
R
)
∥∥∥
Lq2,∞(Lq1,∞)
= Rn/q1−γ sup
β>0
β
∣∣∣{y : ‖Tγf(·, y
R
)‖Lq1,∞x > β
}∣∣∣1/q2
= Rn/q1+n/q2−γ sup
β>0
β|{y : ‖Tγf(·, y)‖Lq1,∞x > β}|
1/q2
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= Rn/q1+n/q2−γ‖Tγf‖Lq2,∞(Lq1,∞).
These imply that for all R > 0,
Rn/q1+n/q2−γ . Rn/p1+n/p2 ,
which gives the condition
1
q1
+
1
q2
=
1
p1
+
1
p2
+
γ
n
.
Remark 3.6 We illustrate that (3.20) might be false if p1q2 6= p2q1.
Proof. (i). p1 = q1 and p2 > q2.
Let f(x, y) = (|x + y| + |x − y|)γχE(x, y), where E = {(x, y) : 0 < |x| < |y|
−α, 1 ≤
|y| ≤ N}, α and N are constants. Then we have
‖Tγf‖L~q,∞ = ‖χE‖L~q =
( ∫
1≤|y|≤N
|y|−nαq2/q1dy
)1/q2
≈
(∫ N
1
t−nαq2/q1+n−1dt
)1/q2
and
‖f‖L~p ≤
( ∫
1≤|y|≤N
|y|γp2−nαp2/p1dy
)1/p2
.
( ∫ N
1
tγp2−nαp2/p1+n−1dt
)1/p2
.
Set α = p1(γ/n+ 1/p2). We have
α
p1
=
γ
n
+
1
p2
=
1
q1
+
1
q2
−
1
p1
=
1
q2
.
Therefore, αq2/q1 = 1. It follows that
‖Tγf‖L~q,∞ ≈ (lnN)
1/q2 and ‖f‖L~p ≈ (lnN)
1/p2 .
Hence
lim
N→∞
‖Tγf‖L~q,∞
‖f‖L~p
=∞.
(ii). p2 = q2 and p1 > q1.
In this case, we have
‖Tγf‖L~q,∞ . ‖f‖L~p .
In fact, there is some constant C such that∥∥(|x+ y|+ |x− y|)−γ∥∥
L
n/γ,∞
x
≤ C, ∀y.
Now we see from Ho¨lder’s inequality that
‖Tγf‖Lq1,∞x = ‖f(x, y)(|x+ y|+ |x− y|)
−γ‖Lq1,∞x . ‖f‖L
p1,∞
x
.
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Hence
‖Tγf‖Lq2y (L
q1,∞
x )
≤ ‖f‖Lp2y (L
p1,∞
x )
.
Therefore,
‖Tγf‖L~q,∞ . ‖f‖L~p .
However, (3.20) is not true. To see this, let
f(x, y) = (|x+ y|+ |x− y|)γχE(x, y),
where
E = {(x, y) : 0 < |y| < 1, |x| ≤ |y|−β − |y|}, β =
q1
q2
.
Then
‖Tγf‖L~q,∞ = ‖χE‖L~r
&
( ∫
0<|y|<1/2
(
|y|−β − 1
)nq2/q1dy)1/q2
&
( ∫
0<|y|<1/2
|y|−βnq2/q1dy
)1/q2
=∞
and
‖f‖L~p,∞ = sup
λ>0
λ
∫
|y|<1
(
|{x : (|x+ y|+ |x− y|)γχE(x, y) > λ}|
p2/p1 dy
)1/p2
≤ sup
λ>0
λ
(∫
|y|<1
∣∣∣{x : (|x|+ |y|)χE(x, y) > 2−1λ1/γ}∣∣∣p2/p1 dy
)1/p2
≤ sup
λ>0
λ
(∫
|y|−β>2−1λ1/γ
|y|−βnp2/p1dy
)1/p2
≤ C~p,n,γ sup
λ>0
λλn/(p1γ)−n/(βp2γ).
Note
β =
q1
q2
=
np1
np2 + p1p2γ
.
So
n
p1γ
−
n
βp2γ
= −1.
Thus we have f ∈ L~p,∞(Rn × Rn). Therefore, (3.20) is false is this case. 
Next we study the boundedness of Lγ . Observe that
sup
α>0
α|{x : |x− y|−γ > α}|γ/n ≤ Cn,γ, ∀y.
we have
|x− y|−γ ∈ L∞(Ln/γ,∞).
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On the other hand, it is easy to see that
|x− y|−γ /∈ Ln/γ,∞(L∞).
Therefore, by Ho¨lder’s inequality we have the following inequalities.
Theorem 3.7 Let f be a nonnegative measurable function defined on R2n. Then for all
0 < r < p1 ≤ ∞ and 0 < p2 ≤ ∞ satisfying the homogeneity condition 1/r = 1/p1 + γ/n,
‖Lγf‖Lp2 (Lr,∞) ≤ C~p,r,n‖f‖Lp2 (Lp1,∞), (3.23)
‖Lγf‖Lp2,∞(Lr,∞) ≤ C~p,r,n‖f‖Lp2,∞(Lp1,∞). (3.24)
And for all 0 < p1 < r ≤ ∞ and 0 < p2 ≤ ∞ satisfying the homogeneity condition
1/p1 = 1/r + γ/n,
‖L−1γ f‖Lp2 (Lr,∞) ≥ C~p,r,n‖f‖Lp2 (Lp1,∞), (3.25)
‖L−1γ f‖Lp2,∞(Lr,∞) ≥ C~p,r,n‖f‖Lp2,∞(Lp1,∞). (3.26)
However, for any multiple indices ~p and ~q,
‖Lγf‖Lq2,∞(Lq1 ) 6≤ C~p,~q,n‖f‖Lp2,∞(Lp1 ); (3.27)
‖Lγf‖Lq2 (Lq1,∞) 6≤ C~p,~q,n‖f‖Lp2 (Lp1,∞) unless p2 = q2; (3.28)
‖Lγf‖Lq2,∞(Lq1,∞) 6≤ C~p,~q,n‖f‖Lp2,∞(Lp1,∞) unless p2 = q2; (3.29)
‖Lγf‖L~q 6≤ C~p,~q,n‖f‖L~p , (3.30)
Proof. (i). First, we prove (3.23)-(3.26). As before, the condition 1/r = 1/p1 + γ/n
follows from the homogeneity. Let h(x, y) = |x− y|−γ . Observe that
sup
α>0
α|{x : |x− y|−γ > α}|γ/n ≤ Cn,γ, ∀y.
we have h ∈ L∞(Ln/γ,∞).
For 0 < r < p1 <∞ with 1/r = 1/p1 + γ/n, we see from Ho¨lder’s inequality that
‖Lγf(·, y)‖Lr,∞x .p1,r,n ‖f(·, y)‖Lp1,∞x ‖h(·, y)‖Ln/γ,∞x
. (3.31)
And for p1 = ∞, ‖Lγf(·, y)‖Ln/γ,∞x
≤ ‖f(·, y)‖L∞x ‖h(·, y)‖Ln/γ,∞x
. It follows that for all
0 < p2 ≤ ∞, ∥∥∥‖Lγf‖Lr,∞x
∥∥∥
L
p2
y
=
∥∥∥‖Lγf‖Lr,∞x
∥∥∥
L
p2
y
.p1,r,n
∥∥∥‖f‖Lp1,∞x ‖h‖Ln/γ,∞x
∥∥∥
L
p2
y
≤
∥∥∥‖f‖Lp1,∞x
∥∥∥
L
p2
y
∥∥∥‖h‖
L
n/γ,∞
x
∥∥∥
L∞y
.
That is,
‖Lγf‖Lp2(Lr,∞) ≤ C~p,r,n‖f‖Lp2 (Lp1,∞)‖h‖L∞(Ln/γ,∞).
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Meanwhile, by Ho¨lder’s inequality we also obtain
‖Lγf‖Lp2,∞(Lr,∞) ≤ C~p,r,n‖f‖Lp2,∞(Lp1,∞)‖h‖L∞(Ln/γ,∞).
Furthermore, applying the similar arguments as in the proof of (3.19) we get their
reverse versions (3.25) and (3.26).
(ii). Next we prove (3.27).
First, we assume that p2 > q2. Let M > 0 and consider
f(x, y) = |x− y|γ−n/q1χ{(x,y): |x|,|y|≤M}.
Below we calculate
‖f‖Lp1x =
(∫
{|x|≤M}
|x− y|(γ−n/q1)p1dx
)1/p1
.
For γ > n/q1, we have(∫
{|x|≤M}
|x− y|(γ−n/q1)p1dx
)1/p1
≤ Cn,γ,~pM
γ .
And for 0 < γ ≤ n/q1, since p2 > q2, we have n/q1 − γ < n/p1. It follows that( ∫
{|x|≤M}
|x− y|(γ−n/q1)p1dx
)1/p1
≤
( ∑
2j≤M
∫
{x: 2j<|x−y|≤2j+1}
|x− y|(γ−n/q1)p1dx
)1/p1
≤ Cn,γ,p2
( ∑
2j≤M
2jn
2j(n/q1−γ)p1
)1/p1
<∞.
Hence ‖f‖Lp1,∞(Lp2 ) <∞.
On the other hand, observe that
‖Lγf‖Lq1x =
(∫
{|x|≤M}
1
|x− y|n
dx
)1/q1
=∞.
We have ‖Lγf‖Lq2,∞(Lq1 ) =∞. This proves (3.27) for p2 > q2.
For the case of p2 ≤ q2, consider
f(x, y) = |x− y|γ−n/q1
∣∣∣ ln |x− y|∣∣∣−1/q1χ{(x,y): |x|,|y|≤1/3}.
Observe that p1 > q1. We have
‖Lγf‖Lq1x =
( ∫
{|x|≤1/3}
1
|x− y|n |ln |x− y||
dx
)1/q1
=∞,
while
‖f‖Lp1x =
( ∫
{|x|≤1/3}
1
|x− y|n |ln |x− y||p1/q1
dx
)1/p1
≤ C <∞, |y| < 1/3.
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Again, we get ‖Lγf‖Lq2,∞(Lq1 ) =∞ and ‖f‖Lp2,∞(Lp1 ) <∞.
(iii). We use the same counterexample to prove (3.28) and (3.29). From the homo-
geneity it suffices to consider the case
1
q1
+
1
q2
=
1
p1
+
1
p2
+
γ
n
.
Let f(x, y) = |x− y|−n/p1χ[0,1](|y|), then
‖f‖Lp1,∞x = sup
α>0
α|{x : |x− y|−n/p1χ[0,1](|y|) > α}|
1/p1
= sup
α>0
α|{x : |x− y| < (1/α)p1/n}|1/p1χ[0,1](|y|)
= Cp1,nχ[0,1](|y|).
On the other hand, we have
‖Lγf‖Lq1,∞x = sup
α>0
α|{x : |x− y|−n/p1 |x− y|−γ > α}|1/q1χ[0,1](|y|)
= sup
α>0
α(1/α)np1/(nq1+γp1q1)χ[0,1](|y|)
= sup
α>0
α1−np1/(nq1+γp1q1) =∞, |y| < 1,
unless
np1/(nq1 + γp1q1) = 1, i.e., p2 = q2.
(iv). Finally, we prove (3.30). First, we see from the homogeneity that it suffices to
consider the case
1
q1
+
1
q2
=
1
p1
+
1
p2
+
γ
n
.
There are two cases.
(a) (γ − n/q1)p1 > −n.
In this case, set
f(x, y) = |x− y|γ−n/q1χ{(x,y): |y|≤|x|≤N,1≤|y|≤2}, N > 10.
If (γ − n/q1)p1 ≥ 0, then
‖f‖L~p =
(∫
{y: 1≤|y|≤2}
( ∫
{x: |y|≤|x|≤N}
|x− y|(γ−n/q1)p1dx
)p2/p1
dy
)1/p2
≤ C~p,~q,n
(∫
{y: 1≤|y|≤2}
(
N (γ−n/q1)p1+n
)p2/p1
dy
)1/p2
≤ C~p,~q,nN
n/q2−n/p2 ,
while
‖Lγf‖L~q =
(∫
{1≤|y|≤2}
(∫
{x: |y|≤|x|≤N}
|x− y|−ndx
)q2/q1
dy
)1/q2
=∞.
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If −n < (γ − n/q1)p1 < 0, then
‖f‖L~p =
(∫
{1≤|y|≤2}
( ∫
{x: |y|≤|x|≤N}
|x− y|(γ−n/q1)p1dx
)p2/p1
dy
)1/p2
≤

∫
{1≤|y|≤2}
(∑
2j≤N
∫
{x: 2j≤|x−y|≤2j+1}
|x− y|(γ−n/q1)p1dx
)p2/p1
dy


1/p2
≤ C~p,~q,n

∫
{1≤|y|≤2}
( ∑
2j≤N
2jn+j(γ−n/q1)p1
)p2/p1
dy


1/p2
<∞.
On the other hand,
‖Lγf‖L~q =
(∫
1≤|y|≤2
( ∫
|y|≤|x|≤N
|x− y|−ndx
)q2/q1
dy
)1/q2
=∞.
(b) (γ − n/q1)p1 ≤ −n.
In this case, we consider the function
f(x, y) = |x− y|γ−n/q1χ{(x,y): 2|y|≤|x|≤N,1≤|y|≤2}, N > 10.
If (γ − n/q1)p1 < −n, it is not hard to see
‖f‖L~p =
(∫
{y: 1≤|y|≤2}
( ∫
{x: 2|y|≤|x|≤N}
|x− y|(γ−n/q1)p1dx
)p2/p1
dy
)1/p2
≤
(∫
{y: 1≤|y|≤2}
( ∫
{x: 2|y|≤|x|≤N}
(|x| − |y|)(γ−n/q1)p1dx
)p2/p1
dy
)1/p2
.~p,~q,n
(∫
{y: 1≤|y|≤2}
(∫
{x: 2|y|≤|x|≤N}
|x|(γ−n/q1)p1dx
)p2/p1
dy
)1/p2
=
(∫
{y: 1≤|y|≤2}
(
(2|y|)(γ−n/q1)p1+n −N (γ−n/q1)p1+n
)p2/p1
dy
)1/p2
≤ C~p,~q,n.
However,
‖Lγf‖L~q =
(∫
{y: 1≤|y|≤2}
(∫
{x: 2|y|≤|x|≤N}
|x− y|−ndx
)q2/q1
dy
)1/q2
≥
(∫
{y: 1≤|y|≤2}
(∫
{x: 2|y|≤|x|≤N}
(|x|+ |y|)−ndx
)q2/q1
dy
)1/q2
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≥ C~p,~q,n
(∫
{y: 1≤|y|≤2}
(∫
{x: 2|y|≤|x|≤N}
|x|−ndx
)q2/q1
dy
)1/q2
= C~p,~q,n
(∫
{y: 1≤|y|≤2}
(
lnN − ln(2|y|)
)q2/q1
dy
)1/q2
≥ C~p,~q,n(lnN)
1/q1 .
Letting N →∞ we get a contradiction.
If (γ − n/q1)p1 = −n, then p2 = q2 and p1 > q1. We have already obtained
‖Lγf‖L~q =
(∫
{y: 1≤|y|≤2}
( ∫
{x: 2|y|≤|x|≤N}
|x− y|−ndx
)q2/q1
dy
)1/q2
≥ C~p,~q,n(lnN)
1/q1 .
On the other hand, in this case
‖f‖L~p =
(∫
{y: 1≤|y|≤2}
( ∫
{x: 2|y|≤|x|≤N}
|x− y|(γ−n/q1)p1dx
)p2/p1
dy
)1/p2
=
(∫
{y: 1≤|y|≤2}
( ∫
{x: 2|y|≤|x|≤N}
|x− y|−ndx
)p2/p1
dy
)1/p2
≤
(∫
{y: 1≤|y|≤2}
( ∫
{x: 2|y|≤|x|≤N}
(|x| − |y|)−ndx
)p2/p1
dy
)1/p2
≤ C~p,~q,n
(∫
{y: 1≤|y|≤2}
( ∫
{x: 2|y|≤|x|≤N}
|x|−ndx
)p2/p1
dy
)1/p2
= C~p,~q,n
(∫
{y: 1≤|y|≤2}
(
lnN − ln(2|y|)
)p2/p1
dy
)1/p2
≤ C~p,~q,n(lnN)
1/p1 .
Note p1 > q1. By letting N →∞, we get a contradiction. 
At the end of this paper, we show that Theorem 3.4 implies the classical Hardy-
Littlewood-Sobolev inequality and its reverse version as follows.
Corollary 3.8 For 1 < p1, p2 <∞ with 1/p1 + 1/p2 > 1,∫
Rn
∫
Rn
f(x)g(y)|x− y|−n(2−1/p1−1/p2)dxdy ≤ C~p,n‖f‖Lp1‖g‖Lp2 (3.32)
holds for all nonnegative functions f ∈ Lp1, g ∈ Lp2.
For 0 < p1, p2 < 1 and all nonnegative functions f ∈ L
p1, g ∈ Lp2,∫
Rn
∫
Rn
f(x)g(y)|x− y|n(1/p1+1/p2−2)dxdy ≥ C~p,n‖f‖Lp1‖g‖Lp2 . (3.33)
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Proof. It is known that the Hardy-Littlewood-Sobolev inequality and the reverse
Hardy-Littlewood-Sobolev inequality are equivalent [18]. It suffices to show one of them
is true. Below show that Theorem 3.4 implies (3.33).
Denote γ = n/p1 + n/p2 − 2n. It follows from Theorem 3.4 that
‖T−1γ (f ⊗ g)‖Lq2 ,∞(Lq1,∞) ≥ C~p,~q,n‖(f ⊗ g)‖Lp2,∞(Lp1,∞)
holds for all 0 < p1 ≤ q1 ≤ ∞ and 0 < p2 ≤ q2 ≤ ∞ satisfying 1/p1+1/p2 = 1/q1+1/q2+
γ/n. Hence for all 0 < p1, p2 ≤ 1 with 1/p1 + 1/p2 = 2 + γ/n,
‖T−1γ (f ⊗ g)‖L1(L1) ≥ ‖T
−1
γ (f ⊗ g)‖L1,∞(L1,∞) ≥ C~p,n‖f ⊗ g‖Lp2,∞(Lp1,∞)
holds, which gives
‖T−1γ (f ⊗ g)‖L1(L1) ≥ C~p,n‖f‖Lp1,∞‖g‖Lp2,∞ . (3.34)
As said in (3.15), by interpolation, we have for all 0 < p1 < r < p2 ≤ ∞,
‖f‖r ≤ C~p,r‖f‖
θ
p1,∞‖f‖
1−θ
p2,∞, (3.35)
where
1
r
=
θ
p1
+
1− θ
p2
.
It follows from (3.34) that for all 0 < s1, s2, t1, t2 ≤ 1 satisfying 1/s1+1/t1 = 1/s2+1/t2 =
2 + γ/n,
‖T−1γ (f ⊗ g)‖L1(L1) ≥ Cγ,n‖f‖Ls1,∞‖g‖Lt1,∞
and
‖T−1γ (f ⊗ g)‖L1(L1) ≥ Cγ,n‖f‖s2,∞‖g‖Lt2,∞ .
We choose s1, s2, t1, t2 such that
1
p1
=
θ
s1
+
1− θ
s2
, 0 < θ < 1.
Then
1
p2
= 2 +
γ
n
−
1
p1
=
θ
t1
+
1− θ
t2
.
Therefore, we see from (3.35) that
‖T−1γ (f ⊗ g)‖L1(L1) =
∫
Rn
∫
Rn
f(x)g(y)(|x + y|+ |x− y|)n(1/p1+1/p2−2)dxdy
≥ C~p,n‖f‖
θ
Ls1,∞‖f‖
1−θ
Ls2,∞‖g‖
θ
Lt1,∞‖g‖
1−θ
Lt2,∞
≥ C~p,n‖f‖Lp1‖g‖Lp2 . (3.36)
Let f∗ and g∗ be the symmetric decreasing rearrangements of f and g, respectively.
We see from the rearrangement inequality [22, Theorem 3.7] that∫
Rn
∫
Rn
f(x)g(y)|x− y|n(1/p1+1/p2−2)dxdy
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≥∫
Rn
∫
Rn
f∗(x)g∗(y)|x− y|n(1/p1+1/p2−2)dxdy
=
1
2
∫
Rn
∫
Rn
f∗(x)g∗(y)
(
|x− y|n(1/p1+1/p2−2) + |x+ y|n(1/p1+1/p2−2)
)
dxdy
≥ C~p,n
∫
Rn
∫
Rn
f∗(x)g∗(y)
(
|x+ y|+ |x− y|
)n(1/p1+1/p2−2)dxdy
≥ C~p,n‖f
∗‖Lp1‖g
∗‖Lp2 ,
where we use (3.36) in the last step. This together with the fact that
‖f‖Lp1 = ‖f
∗‖Lp1 and ‖g‖Lp2 = ‖g
∗‖Lp2
gives (3.33). 
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